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' Abstract 

, We recall and partially improve four versions of smooth, non-abelian gerbes: Cech cocycles, 

' classifying maps, bundle gerbes, and principal 2-bundles. We prove that all these four ver- 

^ ■ sions are equivalent, and so establish new relations between interesting recent developments. 

Prominent partial results that we prove are a bijection between the continuous and smooth non- 
abelian cohomology, and an explicit equivalence between bundle gerbes and principal 2-bundles 
_ . as 2-stacks. 
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1 Introduction 

Let G be a Lie group and M be a smooth manifold. There are (among others) the following four 
ways to say what a "smooth G-bundle" over M is: 

(1) Cech 1-Cocycles: an open cover {Ui} of M, and for each non-empty intersection Ui D Uj a 
smooth map gij : Ui n Uj — ^ G satisfying the cocycle condition 

9ij ■ 9jk = gik- 

(2) Classifying maps: a continuous map 

f -.M <BG 
to the classifying space *BG of the group G. 

(3) Bundle 0-gerbes: a surjective submersion tt : Y — 5~ M and a smooth map g :Y XmY — G 
satisfying 

■^129 ■ 7^235 = ■^139, 
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where nij :YxmYxmY — 5~ Y XmY denotes the projection to the ith and the jih factor. 

(4) Principal bundles: a surjective submersion tt : P — >■ M with a smooth action of G on P that 
preserves tt, such that the map 

PxG ^ PxmP: ip,g) ^ ip,p.g) 

is a diffeomorphism. 

It is weh- known that these four versions of "smooth G-bundles" are all equivalent. Indeed, (1) 
forms the smooth G- valued Cech cohomology in degree one, whereas (2) is known to be equivalent 
to continuous G-valued Cech cohomology, which in turn coincides with the smooth one. Further, 
(3) and (4) form equivalent categories; and isomorphism classes of the objects (3) are in bijection 
with equivalence classes of the cocycles (1). 

In this article we provide an analogous picture for "smooth F-gerbes" , where F is a strict Lie 
2-group. In particular, F can be the automorphism 2-group of an ordinary Lie group G, in which 
case the term "non-abelian G-gerbe" is commonly used. We compare the following four versions: 

Version I: Smooth, non-abelian Cech T -cocycles fPefinition 13.61) . These form the classical, smooth 
groupoid- valued cohomology H^(M, F) in the sense of Giraud |Gir71) and Breen |Bre94j . 
|Bre90l Ch. 4]. 

Version II: Classifying maps (Definition 14. 4|) . These are continuous maps / : M — ^ f8|F| to the 
classifying space of the geometric realization of F; such maps have been introduced and studied 
by Baez and Stevenson |BS09) . 

Version III: T -bundle gerbes fPefinition 15 . 1.1] ). These have been developed by Aschieri, Cantini and 
Jurco |ACJQ5| as a generalization of the abelian bundle gerbes of Murray [Mur96j . Here we 
present an equivalent but more conceptual definition by applying a higher categorical version 
|NS11| of Grothendieck's stackification construction to the monoidal pre-2-stack of principal 
F-bundles. 

Version IV: Principal T-2-bundles (Definition I6.1.5|) . These have been introduced by Bartels 
[Bar04] : their total spaces are Lie groupoids on which the Lie 2-group F acts in a certain 
way. Compared to Bartels' definition, ours uses a stricter and easier notion of such an action. 

Apart from improving the existent definitions of Versions III and IV, the main contribution of 
this article is to prove that all four versions listed above are equivalent. We follow the same line of 
arguments as in the case of G-bundles outlined before: 

• Baez and Stevenson have shown that homotopy classes of classifying maps of Version II 
are in bijection with the continuous groupoid- valued Cech cohomology II;i(M, F). We prove 
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(Proposition 14. ip that the inclusion of smooth into continuous Cech F-cocycles induces a 
bijection Hj(Af, F) = H^(Af, F). These two results establish the equivalence between our 
Versions I and II (Theorem 14. 6|) . 

• F-bundle gerbes and principal F-2-bundles over M form bicategories. We prove (Theorem 
17. ip that these bicategories are equivalent, and so establish the equivalence between Versions 
III and IV. Our proof provides explicit 2-functors in both directions. 

• We prove the equivalence between Versions I and III by showing that non-abelian F-bundle 
gerbes are classified by the non-abelian cohomology group II^(A/, F) fTheorem l5.3.2p . 

The aim of this paper is to simplify and clarify the notion of a non-abelian gerbe, and to make it 
possible to compare and transfer available results between the various versions. As an example, we 
use Theorem 17.11 - the equivalence between F-bundle gerbes and principal F-2-bundles - in order 
to carry two facts about F-bundle gerbes over to principal F-2-bundles. We prove: 

1. Principal F-2-bundles form a 2-stack over smooth manifolds (Theorem 16. 2. ip . This is a new 
and evidently important result, since it explains precisely in which way one can glue 2-bundles 
from local patches. 

2. If F and Q are weakly equivalent Lie 2-groups, the 2-stacks of principal F-2-bundles and prin- 
cipal r2-2-bundles are equivalent (Theorem 16.2. 3p . This is another new result that generalizes 
the well-known fact that principal G-bundles and principal _ff-bundles form equivalent stacks, 
whenever G and H are isomorphic Lie groups. 

The two facts about F-bundle gerbes (Theorems 15. 1.51 and 15.2.2]) on which these results are based 
are proved in an outmost abstract way: the first is a mere consequence of the definition of F-bundle 
gerbes that we give, namely via a 2-stackification procedure for principal F-bundles. The second 
follows from the fact that principal F-bundles and principal il-bundles form equivalent monoidal 
pre-2-stacks, which we deduce as a corollary of their description by anafunctors. 

The present paper is part of a larger program. In a forthcoming paper, we address the discussion 
of non-abelian lifting problems, in particular string structures. In a second forthcoming paper 
we will present the picture of four equivalent versions in a setting with connections, based on 
the results of the present paper. Our motivation is to understand the role of 2-bundles with 
connections in higher gauge theories, where they serve as "B-fields". Here, two (non-abelian) 2- 
groups are especially important, namely the string group |BCSS07j and the Jandl group [NSllj . 
More precisely, string-2-bundles appear in supersymmetric sigma models that describe fcrmionic 
string theories [Bun]; while Jandl-2-bundles appear in unoriented sigma models that describe e.g. 
bosonic type I string theories |SSW07| . 

This paper is organized as follows. In Section [2] we recall and summarize the theory of principal 
groupoid bundles and their description by anafunctors. The rest of the paper is based on this 
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theory. In Sections [31 HI [5] and [5] we introduce our four versions of smooth F-gerbes, and estabUsh 
aU but one equivalence. The remaining equivalence, the one between bundle gerbes and principal 
2-bundles, is discussed in Section [71 

Acknowledgements. We thank Christoph Wockel for helpful discussions. We also thank the 
Erwin Schrodinger Institute in Vienna and the Instituto Superior Tecnico in Lisbon for kind invita- 
tions. TN is supported by the Collaborative Research Centre 676 "Particles, Strings and the Early 
Universe - the Structure of Matter and Space- Time" and the cluster of excellence "Connecting 
particles with the cosmos" . 

2 Preliminaries 

There is no claim of originality in this section. Our sources are Lerman |Ler] , Metzler jMet] , Heinloth 
|Hei04] and Moerdijk-Mrcun |MM03j . A slightly different but equivalent approach is developed in 
[MRS] . 

2.1 Lie Groupoids and Groupoid Actions on Manifolds 

We assume that the reader is familiar with the notions of Lie groupoids, smooth functors and 
smooth natural transformations. In this paper, the following examples of Lie groupoids appear: 

Example 2.1.1. 

(a) Every smooth manifold M defines a Lie groupoid denoted M^ig whose objects and morphisms 
are M, and all whose structure maps are identities. 

(b) Every Lie group G defines a Lie groupoid denoted BG, with one object, with G as its smooth 
manifold of morphisms, and with the composition 172 ° 5i ■= .9231 • 

(c) Suppose A is a smooth manifold and p : H x X — ^ A is a smooth left action of a Lie group 
H on A. Then, a Lie groupoid X//H is defined with objects A and morphisms H x X, and 
with 

s{h,x):—x , t{h,x) := p{h,x) and id^; := (1, x). 

The composition is 

{h2,X2) o {hi,xi) := {h2hi,xi), 

where X2 = p{hi, xi). The Lie groupoid X// H is called the action groupoid of the action of H 
on A. 
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(d) Let t : H — G be a homomorphism of Lie groups. Then, 

p;HxG^ G:{h,g)^ {t{h)g) 
defines a smooth left action of H on G. Thus, we have a Lie groupoid G//H. 

(e) To every Lie groupoid F one can associate an opposite Lie groupoid which has the source 
and the target map exchanged. 

We say that a right action of a Lie groupoid F on a smooth manifold M is a pair (a, p) consisting 
of smooth maps a : M — ^ Fq and p : Af „ Xj Fi — *- M such that 

p{p{x,g),h) ^ p{x,g o h) , p{x,ida{x)) ^ x and a{p{x, g)) ^ s{g) 

for all possible g,h £Ti, p gTq and x G M. The map a is called anchor. Later on we will replace 
the letter p for the action by the symbol o that denotes the composition of the groupoid. A left 
action of F on M is a right action of the opposite Lie groupoid F°p. A smooth map / : AI — ^ AI' 
between F-spaces with actions {a, p) and (a' , p') is called T-equivariant, if 

a'o/ = a and f {p(.x , g)) ^ p' {f {x) , g) . 

Example 2.1.2. 

(a) Let F be a Lie groupoid. Then, F acts on right on its morphisms Fi by a := s and p := o . It 
acts on the left on its morphisms by a := t and p :~ o . 

(b) Let G be a Lie group. Then, a right/left action of the Lie groupoid BG (see Example 1 2. 1.1 1 (lb])) 
on M is the same as an ordinary smooth right/left action of G on M. 

(c) Let X be a smooth manifold. A right /left action of Xdis (see Example 12 . 1 . 1 1 (faj) ) on M is the 
same as a smooth map a : AI — X. 

2.2 Principal Groupoid Bundles 

We give the definition of a principal bundle in exactly the same way as we are going to define 
principal ^-bundles in Section |6l 

Definition 2.2.1. Let AI be a smooth manifold, and let T be a Lie groupoid. 

1. A principal T-bundle over AI is a smooth manifold P with a surjective submersion tt : 
P — 5^ AI and a right T-action (a, p) that respects the projection tt, such that 

T : PaXtTi ^ P Xm P ■■ {p,g) {p,PiP,g)) 

is a diffeomorphism. 
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2. Let P\ and P2 he principal T -bundles over M . A morphism : Pi — P2 is a T-equivariant 
smooth map that respects the projections to M . 

Principal F-bundles over M form a category Bun^lM). In fact, this category is a groupoid, i.e. 
all morphisms between principal F-bundles are invertible. There is an evident notion of a puUback 
f*P of a principal F-bundle P over M along a smooth map / : X — M, and similarly, morphisms 
between principal F-bundles pull back. These define a functor 

/* : Bunj^iM) Bun^iX). 

These functors make principal F-bundles a prestack over smooth manifolds. One can easily show 
that this prestack is a stack (for the Grothendicck topology of surjective submersions). 

Example 2.2.2 (Ordinary principal bundles). For G a Lie group, we have an equality of categories 

Buui^ai^I) = BuuaiM), 

i.e. Definition 12.2.11 reduces consistently to the definition of an ordinary principal G-bundle. 

Example 2.2.3 (Trivial principal groupoid bundles). For M a smooth manifold and / : M — ^ Fg 
a smooth map, P :— M /XjFi and Trim, g) := m define a surjective submersion, and Q;(m, 17) := s{g) 
and p{{m, g), h) :~ (m, g o h) define a right action of F on P that preserves the fibers. The map r 
we have to look at has the inverse 

T"^ :PxmP ^ P^XtTi : ((m, gi), (to, 52)) ^ ((to, 51), o 52), 

which is smooth. Thus we have defined a principal F-bundle, which we denote by 1/ and which we 
call the trivial bundle for the map f. Any bundle that is isomorphic to a trivial bundle is called 
trivializable. 

Example 2.2.4 (Discrete structure groupoids). For X a smooth manifold, we have an equivalence 
of categories 

Bunx^jM)^G°°{M,XUs. 

Indeed, for a given principal Xdis-i>undle P one observes that the anchor a : P — ^ X descends 
along the bundle projection to a smooth map / : M — X, and that isomorphic bundles determine 
the same map. Conversely, one associates to a smooth map / : M — s- X the trivial principal X^is- 
bundle 1/ over M. 

Example 2.2.5 (Exact sequences). Let 

1 ^H^^G^^K -1 (2-2.1) 
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be an exact sequence of Lie groups, and let F := G//H be the action groupoid associated to the Lie 
group homomorphism t : H — >■ G as explained in Exaniple l2.1.1l(p)) . In this situation, p : G — >■ K 
is a surjective submersion, and 

a : G ^ To ■■ g g and p : G a^tTi ^ G : {g,{h,g')) g' 

define a smooth right action of F on G that preserves p. The inverse of the map t is 

T^^ -.GxkG ^ GaXtFi : (51,52) ^ (51, (^"^515^ 32)), 

which is smooth because t is an embedding. Thus, G is a principal F-bundle over K. 

Next we provide some elementary statements about trivial principal F-bundles. 

Lemma 2.2.6. A principal T-bundle over M is trivializable if and only if it has a smooth section. 

Proof. A trivial bundle 1/ has the section 

Sf : M ^ If -.x {x,idf(^)); 

and so any trivializable bundle has a section. Conversely, suppose a principal F-bundle P has a 
smooth section s : M — P. Then, with / a o s, 

ip:If ^ P : {m,g) p{s{m),g) 

is an isomorphism. □ 

The following consequence shows that principal F-bundles of Definition 12 . 2 . 1 1 are locally trivial- 
izable in the usual sense. 

Corollary 2.2.7. Let P be a principal T-bundle over M . Then, every point x G M has an open 
neighborhood U over which P has a trivialization: a smooth map f : U — ^ Fq and a morphism 
^:If^ P\u- 

Proof. One can choose U such that the surjective submersion tt : U — 5~ P has a smooth section. 
Then, Lemma [2 . 2 . 61 applies to the restriction P\u- O 

We determine the Hom-set ?foTO(I/j , I/2) between trivial principal F-bundles defined by smooth 
maps /i, /2 : M — Fq. To a bundle morphism : I/^ — 5~ I/2 one associates the smooth function 
g : M — Fi which is uniquely defined by the condition 

{ipoSf^){x) = Sf^{x)og{x). 

for all X G M. It is straightforward to see that 
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Lemma 2.2.8. The above construction defines a bijection 

yom(If„If,)^ {geC^{M,Ti)\sog^ f, and t o g ^ f^} , 

under which identity morphisms correspond to constant maps and the composition of bundle mor- 
phisms corresponds to the point-wise composition of functions. 

Finally, we consider the case of principal bundles for action groupoids. 

Lemma 2.2.9. Suppose X//H is a smooth action groupoid. The category Bun^n ^^(M) is equivalent 
to a category with 

• Objects: principal H-bundles Ph over M together with a smooth, H-anti-equivariant map 
f:PH^X, I.e. f{p-h)^h-^f{p). 

• Morphisms: bundle morphisms ipn ■ Ph — ^ that respect the maps f and /'. 

Proof. For a principal X // H-hund\e {P, a, p) we set Ph '■= P with the given projection to M . The 
action of H on Ph is defined by 

p^h:^ p{p, {h, h~^ ■ a{p))). 

This action is smooth, and it follows from the axioms of the principal bundle P that it is principal. 
The map / : Ph — X is the anchor a. The remaining steps are straightforward and left as an 
exercise. □ 

2.3 Anafunctors 

An anafunctor is a generalization of a smooth functor between Lie groupoids, similar to a Morita 
equivalence, and also known as a Hilsum-Skandalis morphism. The idea goes back to Benabou 
|Ben73j , also see |Joh77j . The references for the following definitions are [Leri I Met) . 

Definition 2.3.1. Let X and y be Lie groupoids. 

1. An anafunctor F : X — y is a smooth manifold F, a left action {ai,pi) of X on F, and 
a right action {ar,Pr) of y on F such that the actions commute and ai : F — ^ Xq is a 
principal y -bundle over Xq. 

2. A transformation between anafunctors f : F => F' is a smooth map f : F — F' which is 
X -equivariant, y-equivariant, and satisfies a'l o f = ai and a'^ o f = ar . 

The smooth manifold F of an anafunctor is called its total space. Notice that the condition that 
the two actions on F commute implies that each respects the anchor of the other. For fixed Lie 
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groupoids X and y, anafunctors F : X — ^ y and transformations form a category Ana°°{X,y). 
Since transformations are in particular morphisms between principal 3^-bundles, every transforma- 
tion is invertible so that Ana°°{X ,y) is in fact a groupoid. 

Example 2.3.2 (Anafunctors from ordinary functors). Given a smooth functor (f) : X — 9- y, we 
obtain an anafunctor in the following way. We set F := ^x^ with anchors ai : F — Xq and 
ttr : F — ^ 3^0 defined by ai{x,g) :— x and ar{x,g) :— s{g), and actions 

pi : XisXai F ^ F and Pr ■ F Xt yi ^ F 

defined by pi{f, {x,g)) := {t{f),(p{f) o g) and Pr{{x,g),f) := {x,go J). In the same way, a smooth 
natural transformation : (p => cj)' defines a transformation : F => F' by fn{x,g) '■— {x,r]{x) o 
g). Conversely, one can show that an anafunctor comes from a smooth functor, if its principal 
F-bundle has a smooth section. 

Example 2.3.3 (Anafunctors with discrete source). For M a smooth manifold and F a Lie 
groupoid, we have an equality of categories 

Bunj.{M) = Ana°°{Md^s,T). 

Further, trivial principal F-bundles correspond to smooth functors. In particular, with Example 
[2X2l we have, 

(a) For G a Lie group and M a smooth manifold, an anafunctor F : Mdis — ^ BG is the same as 
an ordinary principal G-bundle over M . 

(b) For M and X smooth manifolds, an anafunctor F : Mdis — ^ Xdis is the same as a smooth 
map. 

Example 2.3.4 (Anafunctors with discrete target). For F a Lie groupoid and M a smooth manifold, 
we have an equivalence of categories 

C°°(Fo,Af)L = ^^«°°(r,Af<j,,) 

where C°°(Fo, M)^ denotes the set of smooth maps / : Fq — ^ M such that fos — fotas maps 
Fi — 5~ AI. The equivalence is induced by regarding a map / G C°°{To, M)^ as a smooth functor 
/ : F — 5- Mdis, which in turn induces an anafunctor. Conversely, an anafunctor F : F — Mdis 
is in particular an M^^is-bundle over Fq, which is nothing but a smooth function / : Fq — ^ M by 
Example 12.2.41 The additional F-action assures the F-invariance of /. 

For the following definition, we suppose X, y and Z are Lie groupoids, and F : X — y and 
G : y — 5~ Z are anafunctors given by F = (F, a;, p;, a^, Pr) and G — (G, /?/, t;, t^). 
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Definition 2.3.5. The composition G o F : X — Z is the anafunctor defined in the following 
way: 

1. Its total space is 

E:= {F^^xp, G)/~ 
where {f,Ti{h,g)) - {pr{f,h),g) for all h e yi with ar{f) = t{h) and f3i{g) = s{h). 

2. The anchors are {f,g) I — *- '^'^'^ ' — *" Pr{g)- 

3. The actions Xi E — 5~ E and E pXt Zi — E are given, respectively, by 

{l,{L9)) ^ {Pi{l-,f),9) and ((/, g), 7) ^ (/, Tr(g, 7))- 

Remark 2.3.6. Lie groupoids, anafunctors and transformations form a bicategory. This bicategory 
is equivalent to the bicategory of differentiable stacks (also known as geometric stacks) |Pro96) . 

In this article, anafunctors serve for two purposes. The first is that one can use conveniently 
the composition of anafunctors to define extensions of principal groupoid bundles: 

Definition 2.3.7. // P : Mdis — ^ T is a principal T-bundle over M , and A ; F — ^ f2 is an 

anafunctor, then the principal Q-bundle 

AP A o P : Md^s ^ 

is called the extension of P along A. 

Unwinding this definition, the principal il-bundle AP has the total space 

AP=(P„x„, A) / ^ (2.3.1) 

where (p, pi{j, A)) ^ {p{p, 7), A) for all p e P, A G A and 7 G Fi with a{p) = t{'-f) and a;(A) = 5(7). 
Here a is the anchor and p is the action of P, and A = (A, a/, a^, p;, Pr). The bundle projection 
is (p. A) I — >■ tt{p), where tt is the bundle projection of P, the anchor is (p, A) 1 — >■ ar{X), and the 
action is (p. A) o cj = {p, pr{)^, i^))- 

Extensions of bundles are accompanied by extensions of bundle morphisms. li(p : Pi — ^ P2 is a 
morphism between F-bundles, a morphism Ai^ : APi — AP2 is defined by Aip{pi, A) :— {ip{pi), A) 
in terms of ()2.3.ip . Summarizing, we have 

Lemma 2.3.8. Let M be a smooth manifold and A : F — s- be an anafunctor. Then, extension 
along A is a functor 

A : Bunj.{M) Bun^{M). 
Moreover, it commutes with pullbacks and so extends to a morphism between stacks. 
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Next we suppose that t : H — s- G is a Lie group homomorphism, and G//H is the associated 
action groupoid of Example 12. 1.11 (|d|. We look at the functor 6 : G//H — BH which is defined 
by Q{h,g) := h. Combining Lemma [2 . 2 . 91 with the extension along Q, we obtain 

Lemma 2.3.9. The category Bun^^^^^M) of principal G // H -bundles over a smooth manifold M is 
equivalent to a category with 

• Objects: principal H -bundles Ph over M together with a section of Q{Ph)- 

• Morphisms: morphisms ip of H -bundles so that 0{ip) preserves the sections. 

The second motivation for introducing anafunctors is that they provide the inverses to certain 
smooth functors which are not necessarily equivalences of categories. 

Definition 2.3.10. A smooth functor or anafunctor F : X — y is called a weak equivalence, if 
there exists an anafunctor G : y — X together with transformations GoF = idx and FoG = idy. 

We have the following immediate consequence for the stack morphisms of Lemma 12.3.81 

Corollary 2.3.11. Let A : F — s- be a weak equivalence between Lie groupoids. Then, extension 
of principal bundles along A is an equivalence A : Bun^^M) — Buuq^M) of categories. Moreover, 
these define an equivalence between the stacks BuUy- and Bun^. 

Concerning the claimed generalization of invertibility, we have the following well-known theorem, 
see |Lerl Lemma 3.34], [Meti Proposition 60]. 

Theorem 2.3.12. A smooth functor F : X — y is a weak equivalence if and only if the following 
two conditions are satisfied: 

(a) it is .smoothly essentially surjective: the map 

s o pr2 : Xo Fo Xt 3^1 3^0 

is a surjective .submersion. 

(b ) it is .smoothly fully faithful: the diagram 

Xi ^3^1 



Xo X Xo — > yo X 

is a pullback diagram. 

Remark 2.3.13. One can show that any smooth functor F : X — ^ y that is a weak equivalence 
actually has a canonical inverse anafunctor. 
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2.4 Lie 2-Groups and crossed Modules 



A (strict) Lie 2-group is a Lie groupoid T whose objects and morphisms are Lie groups, and all whose 
structure maps are Lie group homomorphisms. One can conveniently bundle the multiplications 
and the inversions into smooth functors 

m : r X F ^ r and i:T ^ T. 

Example 2.4.1. For A an abelian Lie group, the Lie groupoid BA from Example l2.1.1l fb) is a Lie 
2-group. The condition that A is abelian is necessary. 

Example 2.4.2. Let t : H — ^ G be a homomorphism of Lie groups, and let G//H be the cor- 
responding Lie groupoid from Example 12.1.11 . This Lie groupoid becomes a Lie 2-group if the 
following structure is given: a smooth left action of G on _ff by Lie group homomorphisms, denoted 
(g, h) I — ^ %, satisfying 

t{9h) = gt{h)g-^ and = hxh'^ 

for all 5 e G and h,x £ H. Indeed, the objects G of G//H already form a Lie group, and the 
multiplication on the morphisms iJ x G oi G//H is the semi-direct product 

ih2,g2)-ihi,gi) = {h2''h,,g2gi). (2.4.1) 

The homomorphism t : H — *- G together with the action oi G on H is called a smooth crossed 
module. Summarizing, every smooth crossed module defines a Lie 2-group. 

Remark 2.4.3. Every Lie 2-group F can be obtained from a smooth crossed module. Indeed, one 
puts G :— Fq and H :— ker(s), equipped with the Lie group structures defined by the multiplication 
functor m of F. The homomorphism t : H — 5~ G is the target map t : Fi — s- Fq, and the action 
of G on if is given by the formula ^7 idg • 7 • idg-i for g G Fq and 7 G ker(s). These two 
constructions are inverse to each other (up to canonical Lie group isomorphisms and strict Lie 
2-group isomorphisms, respectively). 

Example 2.4.4. Consider a connected Lie group H, so that its automorphism group Aut{H) 
is again a Lie group |0V91) . Then, we have a smooth crossed module {Aut{H), H,i,ev), where 
i : H — s- Aut(iJ) is the assignment of inner automorphisms to group elements, and ev : Aut(i?) x 
H — ^ H is the evaluation action. The associated Lie 2-group is denoted AUT(i7) and is called 
the automorphism 2-group of H. 

Example 2.4.5. Let 

1 >- H ^-^G^-^ K ^1 

be an exact sequence of Lie groups, i.e. an exact sequence in which p is a submersion and t is an 
embedding. The homomorphisms t : H — ^ G and p : G — 5~ K define action groupoids G//H and 
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K//G &fi explained in Example 12.1.11 The first one is even a Lie 2-group: the action of G on H is 
defined by := t^^{gt{h)g^^). This is well-defined: since 

P{9tih)g-') ^ p{g)p{m)p{g-') ^ p{g)pig)-' = 1, 

the element gt{h)g~^ lies in the image of and has a unique preimage. The action is smooth 
because t is an embedding. The axioms of a crossed module are obviously satisfied. 

If a Lie groupoid F is a Lie 2-group in virtue of a multiplication functor m : F x F — F, then 
the category Surtp(Af) of principal F-bundles over a smooth manifold M is monoidal: 

Definition 2.4.6. Let P : Mdis — *- F and Q : Mdis — *- F be principal T-hundles. The tensor 
product P ® Q is the anafunctor 

diag PxQ rn 
Md^s ^ Md^, X Mdrs ^ F X F ^ F. 

Example 2.4.7. 

(a) Since trivial principal F-bundles 1/ correspond to smooth functors / : Mdis — ^ L (Example 
I2.3.3P , it is clear that If ®Ig — Ijg. 

(b) Unwinding Definition 12.4.61 in the general case, the tensor product of two principal F-bundles 
Pi and P2 with anchors ai and 02, respectively, and actions pi and p2, respectively, is given 

by 

-Pl®P2 = ((Pl XAfP2)™o(aiXa.)XtFi)/ ^, (2.4.2) 

where 

(pi,P2,to(7i,72) 07) (pi(pi,7i),P2(p2,72),7) (2.4.3) 

for all pi G Pi, P2 £ P2 and morphisms 7,71,72 G Fi satisfying ^(7^) — ai{pi) for z = 1,2 
and 5(71)5(72) = ^(7)- The bundle projection is 7f(pi,p2,7) := t^i{pi) — '^2{P2), the anchor is 
a{pi,P2n) ■5(7), and the F-action is given by p((pi,P2, 7): 7') (Pi,P2, 7 ° 7')- 

As a consequence of Lemma r2.3.8l and the fact that the composition of anafunctors is associative 
up to coherent transformations, we have 

Proposition 2.4.8. For M a smooth manifold and F a Lie 2-group, the tensor product 

(g) : Bun^{M) x Bun^{M) Bun^{M) 

equips the groupoid of principal T-hundles over M with a monoidal structure. Moreover, it turns 
the stack Bun-p into a monoidal stack. 
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Notice that the tensor unit of the monoidal groupoid Butiy^M) is the trivial principal F-bundle 
Ii associated to the constant map 1 : M — >■ Fq, or, in terms of anafmrctors, the one associated to 
the constant functor 1 : M — T. 

A (weak) Lie 2-group homomorphism between Lie 2-groups (F, mr) and (fi, mn) is an anafunctor 
A : F — 5~ il together with a transformation 

F X F ^F 

AxA 77 A (2.4.4) 

satisfying the evident coherence condition. A Lie 2-group homomorphism is called weak equivalence ^ 
if the anafunctor A is a weak equivalence. Since extensions and tensor products are both defined 
via composition of anafunctors, we immediately obtain 

Proposition 2.4.9. Extension along a Lie 2-group homomorphism A : F — f2 between Lie 2- 
groups is a monoidal functor 

A : Bun^iM) Bun^^{M) 
between monoidal categories. Moreover, these form a monoidal morphism between monoidal stacks. 

Since a monoidal functor is an equivalence of monoidal categories if it is an equivalence of the 
underlying categories, Corollarv 12.3. Ill implies: 

Corollary 2.4.10. For K : F — s- Q, a weak equivalence between Lie 2-groups, the monoidal functor 
of Proposition \2.4-9\ is an equivalence of monoidal categories. Moreover, these form a monoidal 
equivalence between monoidal stacks. 

If we represent the Lie 2-group F by a smooth crossed module t : H — ^ G as described in 
Example I2.4.2[ we want to determine explicitly how the tensor product looks like under the corres- 
pondence of G/fiJ-bundles and principal //-bundles with anti-equivariant maps to G, see Lemma 

Lemma 2.4.11. Let t : H — ^ G be a crossed module and let P and Q be G//H -bundles over M . 
Let {PH,f) and [QH^g) be the principal H-bundles together with their H -anti-equivariant maps 
that belong to P and Q, respectively, under the equivalence of Lemma \2.2.9\ Then, the principal 
H-bundle that corresponds to the tensor product P ® Q is given by 

{P®Q)H = {Py-MQ)/ ^ where {p* h,q) ^ {p,qir {f^P^^'h)). 

The action of H on {P(i)Q)H is [(p, g)]*/! [{p^h,q)\, and the H- anti-equivariant map of {P®Q)h 
is [(p,q)\ ^ f{p) -giq). 
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Similar to the tensor product of principal F-bundles, the dual of a principal F-bundle P over 
M is the extension of P along the inversion i : F — F of the 2-group, P^ := i{P). The equality 
m o (id,i) = 1 of functors M — ^ F induces a "death map" d : P (E> P^ — ^ Ii. We are going to 
use this bundle morphism in Section [521 but omit a further systematical treatment of duals for the 
sake of brevity. 

3 Version I: Groupoid-valued Cohomology 

We have already mentioned group valued Cech 1-cocycles in the introduction. They consist of an 
open cover — {C/i}ig/ of M and smooth functions gij : Ui D Uj — ^ G satisfying the cocycle 
condition gij ■ gjk — Qik ■ Segal realized |Seg68| that this is the same as a smooth functor 

g : C{'^) BG 

where BG denotes the one-object groupoid introduced in Example 12.1. II (|b|) and C(^) denotes the 
Cech groupoid corresponding to the cover ^ . It has objects Uie/ ^'^d morphisms \_\^ Ui fl Uj, 
and its structure maps are 

s{x,i,j)^{x,i) , t{x,i,j) = {x,j) , id(2.^j) = (x, i, i) and {x,j,k)o{x,i,j) = {x,i,k). 

Analogously, smooth natural transformations between smooth functors C{^) — ^ BG give rise 
to Cech coboundaries. Thus the set [C(^),BG'] of equivalence classes of smooth functors equals 
the usual first Cech cohomology with respect to the cover . The classical first Cech-cohomology 

(M, G) of M is hence given by the colimit over all open covers of M 

R^{AI, G) = lim [C{'^), BG] . 

We use this coincidence in order to define the 0-th Cech cohomology with coefficients in a general 
Lie groupoid F: 

Definition 3.1. IfT is a Lie groupoid we set 

H°(M,F) :=lim[C(<^),F] 

where the colimit is taken over all covers of M and [C('^),r] denotes the set of equivalence 
classes of smooth functors C{'^) — F. 

Remark 3.2. The choice of the degree is such that H"(M, F) agrees in the case F — Gdis (Example 
12.1.11 (jlj)) with the classical 0-th Cech-cohomology H*'(M, G) of M with values in G. 
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The geometrical meaning of the set is given in the following well-known theorem, which can be 
proved e.g. using Lemma [2.2.81 



Theorem 3.3. There is a bijection 



- n . N r Isomorphism classes of 1 
\ principal T -bundles over M J 



If r is not only a Lie 2-groupoid but a Lie 2-group one can also define a first cohomology 
group H^(M, F). Indeed, in this case one can consider the Lie 2-groupoid BT with one object, 
morphisms Fq and 2-morphisms Fi. Multiplication in F gives the composition of morphisms in 
BT. Let \C{'^),BT] denote the set of equivalence classes of smooth, weak 2-functors from the 
Cech-groupoid C('^) to the Lie 2-groupoid BT. For the definition of weak functors see |Ben67] - 
below we will determine this set explicitly. 

Definition 3.4. For a 2-group T we set 

Ili(M,F) :=lim[C('^),SF]. 

■?/ 

Remark 3.5. This agrees for F = Gdis with the classical II^(Af, G). Furthermore, for an abelian 
Lie group A the Lie groupoid BA is even a 2-group and (M, BA) agrees with the classical Cech- 
cohomology (M, A) . 

Unwinding the above definition, we get Version I of smooth F-gerbes: 

Definition 3.6. Let T be a Lie 2-group, and let = \Ua\f^^ji^ be an open cover of M . 

1. A T-l-cocycle with respect to ^ is a pair {fap, gajS-y) of smooth maps 

/q/3 -.UaOUp To and g^p-^ -.UanU/jnUp Fi 
satisfying s{gai3j) = fp^ ■ fap and t{gap-f) = fa-i, and 

gaps ° {gpjs ■ id/^g) = ga-ys o (id/^5 • gap^)- (3.1) 
Here, the symbols o and ■ stand for the composition and multiplication of T, respectively. 

2. Two T-l-cocycles {fapi gap-y) and {fapj gafs-y) '^'^^ equivalent, if there exist smooth maps h^ : 
UoL — ^ Fq and Sap ■ UaC\Up — ^ Fi with 

S^Sap) = g'ap ■ ha , t{Sal}) = hp ■ gap 

and (id,i^ • 5^,3^) o (5^3^ • id/„^) o (id/^^ • s^p) = s^j o {g'^^^ ■ idhj. 
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Remark 3.7. For a crossed module t : H — ^ G and F :— G//H the associated Lie 2-group 
(Example 12. 4. 2p one can reduce F-l-cocycles to pairs 

lap -.UaCMIp ^ G and Qap^ : UanUfj nUjs ^ H 

which satisfies then a cocycle condition similar to p.ip . Analogously, coboundaries can be reduced 
to pairs 

ha '■ Ua — ^ G and Sap : UanUp — 5~ H. 

This yields the common definition of non-abelian cocycles, which can for example be found in 
|Bre90j or fBS09] . 

Example 3.8. In case of the crossed module i : H — Aut(iJ) with F = AUT(i7) (see Example 
I2.4.4P F-l-cocycles consist of pairs fap : Ua riUp — *- Aut(iJ) and c/afs ■ Ua Ci Ujs Ci — ^ H. 
Cocycles of this kind classify so-called "Lie groupoid iJ-extensions" jCLGXOOl Proposition 3.14], 
which can hence be seen as another equivalent version for AUT(iJ)-gerbes. 

4 Version II: Classifying Maps 

It is well known that for a Lie group G the smooth Cech-cohomology H^(M, G) and the continuous 
Cech-cohomology IlJ(Af, G) agree if M is a smooth manifold (in particular paracompact). This 
can e.g. be shown by locally approximating continuous cocycles by smooth ones without changing 
the cohomology class - see |MW09) (even for G infinite-dimensional). Below we generalize this 
fact to non-abelian cohomology for certain Lie 2-groups F. Here the continuous Cech-cohomology 
Rl{M,T) is defined in the same way as the smooth one (Definition [331) but with all maps continuous 
instead of smooth. A Lie groupoid F is called smoothly separable, if the set ttqF of isomorphism 
classes of objects is a smooth manifold for which the projection Fq — ^ ttqF is a submersion. 

Proposition 4.1. Let M be a smooth manifold and let T be a smoothly separable Lie 2-group. 
Then, the inclusion 

Hi(A/,F) ^ Hj(A/,F) 
o/ smooth into continuous Cech cohomology is a bijection. 

Remark 4.2. It is possible that the assumption of being smoothly separable is not necessary, but 
a proof not assuming this would certainly be more involved than ours. Anyway, all Lie 2-groups 
we are interested in are smoothly separable. 

Proof of Proposition 14. II We denote by ttj^F the Lie subgroup of Fi consisting of automorphisms 
of 1 G Fq. Since it has two commuting group structures - composition and multiplication - it is 
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abelian. The idea of the proof is to reduce the statement via long exact sequences to statements 
proved in jMW09| . The exact sequence we need can be found in |Bre90j : 

Note that H^(M, F) and H^(M, (7ror)dis) do not have group structures: hence, exactness is only 
meant as exactness of pointed sets. But we actually have more structure, namely an action of 
B^{M,BTT_^r) on H^(M,r). This action factors to an action of 

C:=coker(H"(Af,(^or)d,,) ^ H1(A/, B^^r)) . 

In fact on the non-empty fibres of the morphism H-'^ {M, F) — ^ ( Af , {T£Qr)dis ) this action is simply 
transitive. In other words: H^(Af, F) is a C-Torsor over 

The same type of sequence also exists in continuous cohomology, namely 

H°(M,(7roF)d,,) ^ Hi(M,S7riF) ^ HJ(A/,F) ^ fli (M, (TroF)^,,) ^ H^(M,S^iF). 
With 

C := coker(llJl(M,(7roF)d..) ^ Hi(A/,B^iF)) 
K' := ker(lli(M,(^oF)d..) ^ H^(M,S^iF)), 

we exhibit Hj(M,F) as a C'-Torsor over K'. 

The natural inclusions of smooth into continuous cohomology form a chain map between the 
two sequences. From |MWQ9| we know that they are isomorphisms on the second, fourth and fifth 
factor. In particular we have an induced isomorphism iiT — K' . Lemma l473l below additionally 
shows that also the induced morphism C — ^ C is an isomorphisms. Using these isomorphisms 
we see that H^(M, F) and H;!;(M, F) are both C-torsors over K and that the natural map 

H^(M,F) ^ II;^(M,F) 

is a morphism of torsors. But each morphism of group torsors is bijective, which concludes the 
proof. □ 

Lemma 4.3. The images of 

f : Il"(Af, {^L^r)d^s) (Af, BkiT) and f : II^(Af, {n^rUs) {M, Bn.T) 

are isomorphic. 
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Proof. H°(A/, (7ror)rfjs) is the group of smooth maps s : M — ^ TrgF and li'^{M, (TrQr)^;^^) is 
the group of continuous maps t : M — tLoT- The groups il^ {M , Btt_iT) ~ H^(M, ttj^F) and 
Hj(M, Bn^r) = H2(M, TT^r) are isomorphic by the resuh of |MW09j . Under the connecting homo- 
morphism 

H°(7ror,(^or)rf,,) ^ ii'iKo^, Bn,T) 

the identity idTr^r is send to a class with the property that /(s) — s*£,r and f'{t) — t*(^Y- Hence it 
suffices to show that for each continuous map t : M — ttqF there is a smooth map s : M — *- ttqF 
with s*^r = ^*^r- It is weU know that for each continuous map t between smooth manifolds a homo- 
topic smooth map s exists. It remains to show that the pullback H^IvtqF, Bttj^F) — ^ H^(M, Bttj^F) 
along smooth maps is homotopy invariant. This can e.g. be seen by choosing smooth (abelian) 
;B7r]^r-bundle gerbes as representatives, in which case the homotopy invariance can be deduced from 
the existence of connections. □ 

It is a standard result in topology that the continuous C?- valued Cech cohomology of paracompact 
spaces is in bijection with homotopy classes of maps to the classifying space *BG of the group G. 
A model for the classifying space 58G is for example the geometric realization of the nerve of the 
groupoid BG, or Milnor's join construction }Mil56) . 

Now let F be a Lie 2-group, and let |F| denote the geometric realization of the nerve of F. Since 
the nerve is a simplicial topological group, |F| is a topological group. Version II for smooth F-gerbes 
is: 

Definition 4.4 ( [BS09) ). A classifying map for a smooth T-gerbe is a continuous map 

f:M^ *B|r|. 

We denote by [M, 25|r|] the set of homotopy classes of classifying maps. 
Proposition 4.5 ( |BS09t Theorem 1]). Let T be a Lie 2-group. Then there is a bijection 

Hi(M,r)^ [M,<B|r|] 

where the topological group |F| is the geometric realization of the nerve o/F. 

Note that the assumption of |BS09| Theorem 1] that F is well-pointed is automatically satisfied 
because Lie groups are well-pointed. Propositions 14.11 and 14.51 imply the following equivalence 
theorem between Version I and Version II. 

Theorem 4.6. For M a smooth manifold and F a smoothly separable Lie 2-group, there is a 
bijection 

Hi(M,F) ^ [M,Q3|F|]. 
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Remark 4.7. Bacz and Stevenson argue in [BS09[ Section 5.2.] that the space f8|r| is homotopy 
equivalent to a certain geometric reahzation of the Lie 2-groupoid \BT\ from Section[31 Baas, Bostedt 
and Kro have shown [BBK] that |i3r| classifies concordance classes of "charted r-2-bundles" . In 
particular, charted r-2-bundles are a further equivalent version of smooth F-gerbes. 

5 Version III: Groupoid Bundle Gerbes 

Several definitions of "non-abelian bundle gerbes" have appeared in literature so far |ACJ05[ lJurl 
IMRS| . The approach we give here not only shows a conceptually clear way to define non-abelian 
bundle gerbes, but also produces systematically a whole bicategory. Moreover, these bicategories 
form a 2-stack over smooth manifolds (with the Grothendieck topology of surjcctive submersions) . 

5.1 Definition via the Plus Construction 

Recall that the stack Butiy of principal F-bundles is monoidal if F is a Lie 2-group (Proposition 
I2.4.8p . Associated to the monoidal stack Swrip we have a pre-2-stack 

TrivQrbr :~ B(Bwnp) 

of trivial T-gerbes. Explicitly, there is one trivial F-gerbe I over every smooth manifold M. The 

1- morphisms from X to I are principal F-bundles over M, and the 2-morphisms between those 
are morphisms of principal F-bundles. Horizontal composition is given by the tensor product of 
principal F-bundles, and vertical composition is the ordinary composition of F-bundle morphisms. 

Now we apply the plus construction of [NSll] in order to stackify this pre-2-stack. The resulting 

2- stack is by definition the 2-stack ofT-bundle gerbes, i.e. 

Qrbr := {TrivQrbr)'^ . 

Unwinding the details of the plus construction, we obtain the following definitions: 

Definition 5.1.1. Let M be a smooth manifold. A T-bundle gerbe over M is a surjective submersion 
TT : Y — M , a principal T-bundle P over and an associative morphism 

fi : 7r*3P (g) ttI^P ttI^P 

ofT-bundles over Y^^^ . 

The morphism fi is called the bundle gerbe product. Its associativity is the evident condition for 
bundle morphisms over 
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In order to proceed with the 1-morphisms, we say that a common refinement of two surjective 
submersions tti : Yi — >■ M and 7r2 : Y2 — M is a smooth manifold Z together with surjective 
submersions Z — li and Z — >■ Y2 such that the diagram 

Z 



Yi 



M 



is commutative. 



We fix the following convention: suppose Pi and P2 are F-bundles over surjective submersions 
Ui and U2, respectively, and F is a common refinement of Ui and U2- Then, a bundle morphism 

(fi : Pi — ^ P2 is understood to be a bundle morphism between the pullbacks of Pi and P2 to the 

[21 

common refinement V. For example, in the following definition this convention applies to Ui = Yi , 

U2 = yj^' and V = ^[21. 

Definition 5.1.2. Let Qi and Q2 be T-bundle gerbes over M. A 1-morphism A : Gi — ^ G2 is a 
common refinement Z of the surjective submersions of Qi and Q2 together with a principal T-bundle 
Q over Z and a morphism 

/3:P2®Cr<3 ^ A 
of T -bundles over Z^l, where (1,^2 '■ Z^^^ — 9- Z are the two projections, such that a is compatible 
with the bundle gerbe products fii and 1^2 ■ 

The compatibility of a with fjbi and /i2 means that the diagram 

/i2®id 



TrhP2®T^l2P2®ClQ- 



C23 



cr3/3 



■ QQ ^ 7ri*3Pi 



(5.1.1) 



QQ 7r2*3Pi ® 7ri*2Pi 

of morphisms of F-bundles over Zl'^l is commutative. 

If ^12 : Gi — ^ G2 and A23 ■ G2 — ^ G3 are 1-morphisms between bundle gerbes over M, the 
composition A23 o A12 ■ Gi — ^ Gs is given by the fibre product Z := Z23 Xy^ -^12, the principal 
F-bundle Q := Q23 <8) Q12 over Z, and the morphism 

823® id 



QQ23^P2^ClQl2- 
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The identity 1-morphism idg associated to a F-bundle gerbe G is given by Y regarded as a common 
refinement of tt : F — >■ M with itself, the trivial F-bundle Ii (the tensor unit of Bunp{Y)), and 
the evident morphism Ii (8> -P — *- P Ii . 

In order to define 2-morphisms, suppose that tti : Yi — ^ M and 7r2 : Y2 — ^ M are surjective 
submersions, and that Z and Z' are common refinements of tti and tt2- Let W be a common 
refinement of Z and Z' with surjective submersions r : W — ^ Z and r' : W — >■ Z' . We obtain 
two maps 

sx-.W—^Z >Fi and tx:W-^Z' ^Y^, 

and analogously, two maps S2,t2 : W — s- Y^. These patch together to maps 

a;iy := (si,ti) : W ^ YiXAfYi and yw '-^ {siM) ■ Y2XMY2. 

Definition 5.1.3. Let Qi and Q2 be T-bundle gerbes over M, and let A, A! : Qi — *- Q2 be 1- 
morphisms. A 2-morphism : A => A' is a common refinement W of the common refinements 
Z and Z', together with a morphism 

V : ywP2 ® r*Q r'*Q' ® x^Pi 

of T -bundles over W that is compatible with the morphisms (5 and 

The compatibility means that a certain diagram over M^Pl commutes. Fibrewise over a point 
{w,w') €:W XmW this diagram looks as follows: 



P2\s2{w')M{w') ® P'i\s.2{w),S2{w') ®Q\r(w) 
jii2 0id 

P'2\s:i(w)M{w') ® Q\r{w) 



P2\s^{w')M{w') ®Q\r{w') ® Pl\si{w),si(w') 



Q'\r'{w') ® Pl\si{w')M{w') ® Pl\si{w),si{w') 



P2\t.2(w)M-u)') ® P2 



(5.1.2) 



®Q\r{w) 



Q'\r'(w') ® Pl\si{w)M{w') 



P'i\t2{w)M{w') ® Q'\r'{w) ® Pl\sT_{w)M{w) Q'\r'(w') Pl\ti{w),ti(w') ® Pl\si(w)Mw) 

Finally we identify two 2-morphisms {Wi,ri,r[,ipi) and (W2, r2, (^2) if the puUbacks of ipi and 

(p2 to W XzxyZ' W agree. Explicitly, this condition means that for all wi S Wi and W2 S W2 
with ri(wi) = r2(w2) and r[{wi) = r2{w2), and for all P2 € ywiP2 = 2/^2-^2 and q € rlQ = rJQ 
we have (pi(p2,g) = <P2{p2,q)- 
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Remark 5.1.4. 



• In the above situation of a common refinement W of two common refinements Z, Z' of sur- 
jective submersions Yi,Y2, the diagram 



Yi W Y2 



Z' 



(5.1.3) 



is not necessarily commutative. In fact, diagram (j5.1.3p commutes if and only if the two 
maps xw ■ W — ^ Yl x m Yi and yw '■ W — ^ Y2 x m Y2 factor through the diagonal maps 
Yi — ^ Yi X M Yi and Y2 — ^ F2 x m 5^2 , respectively. 

• In the case that a 2-morphism if is defined on a common refinement Z for which diagram 
(|5.1.3|) does commute, Definition 15.1.31 can be simplified. As remarked before, the two maps 
Xw and yw factor through the diagonals, over which the bundles Pi and P2 have canonical 
trivializations (see CoroUarv I5.2.6p . Under these trivializations, f can be identified with a 
bundle morphism 

: Q Q' . 

Furthermore, the compatibility diagram (|5.1.2|) simplifies to the diagram 



' rilQ ■ 



P2®rilQ' ■ 



(5.1.4) 



Next we define the vertical composition (^923 • (^12 : Ai => .43 of 2-morphisms ipi2 : Ai => A2 
and 1^923 : A2 => ^3. The refinement is the fibre product W := W12 x^^ W23 of the covers of tfi2 
and (/323- The bundle gerbe products induce isomorphisms 

x*wPi = XW23P1 ® Xwi^Pi ywP2 = ^1^23-^2 ® 

over W. Under these identifications, the morphism ywP2 ® Qi — Q3 <E)XwPi for the 2-morphism 
V23 • 'P12 is defined as 

y*w,,P2 ® y*w,,P2 ® Qi ^ y*w,,P2 ® Q2 ® x*^^^Pi q, ^ x*^^^p, ® ^^^^^p^. 
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The identity for vertical composition is just the identity refinement and the identity morphism. 
Finally we come to the horizontal composition 

^25 ° Vl2 : A23 O A12 =J> ^23 ° -^12 

of 2-morphisms iy9i2 : A12 => A'12 and (^23 : ^23 => -^23: its refinement is given by M^i2 x (y^xYa) 
W23 . We look at the three relevant maps xw ■ W — ^ Yi x m Yi , yw ■ W — 5- I2 x m Y2 and 
zw '■ W — ^ Y3 XmY^. The morphism (p of the 2-morphism ip23 o (pi2 is defined as the composition 

ZwPs ® Q23 ® Q12 ^""^"^ ^ Q23 ® ywP2 ® Q12 Q23 ® Q'l2 X*wPl. 

ft follows from the properties of the plus construction [NSllj that (a) these definitions fit together 
into a bicategory Qrbr{M), and that (b) these form a pre-2-stack Qrhr over smooth manifolds. That 
means, there are pullhack 2- functors 

r : GrbriN) GrbriM) 

associated to smooth maps / : M — ^ TV, and that these are compatible with the composition of 
smooth maps. Fullbacks of F-bundle gerbes, 1-morphisms, and 2-morphisms are obtained by just 
taking the pullbacks of all involved data. Finally, the plus construction implies (c): 

Theorem 5.1.5 f (NSlll Theorem 3.3]). The pre-2-stack Qrhr of T-bundle gerbes is a 2-stack. 

Remark 5.1.6. Every 2-stack over smooth manifolds defines a 2-stack over Lie groupoids [NSlli 
Froposition 2.8]. This way, our approach produces automatically bicategories Qrbr{X) of F-bundle 
gerbes over a Lie groupoid X. In particular, for an action groupoid X ~ M//G we have a bicategory 
Qrbr{M // G) of G-equivariant T -bundle gerbes over M. 

In the remainder of this section we give some examples and describe relations between the 
definitions given here and existing ones. 

Example 5.1.7. Let A be an abelian Lie group, for instance U(l). Then, ;By4-bundle gerbes are 
the same as the well-known A-bundle gerbes |Mur96j . For more details see Remark 15.1.101 below. 

Example 5.1.8. Let (G, iJ, a) be a smooth crossed module, and let G// H be the associated action 
groupoid. Then, a (G/i/)-bundle gerbe is the same as a crossed module bundle gerbe in the sense 
of Jurco j Jur] . The equivalence relation "stably isomorphic" of [Jurj is given by "1-isomorphic" in 
terms of the bicategory constructed here. These coincidences come from the equivalence between 
(G//i?)-bundles and so-called G-7?-bundles used in |Jur| IACJ05| expressed by Lemma 12.3.91 In 
particular, in case of the automorphism 2-group AUT(i?) of a connected Lie group , a AUT(iJ)- 
bundle gerbe is the same as a iJ-bibundle gerbe in the sense of Aschieri, Cantini and Jurco (AC JOS] . 
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Example 5.1.9. Let G be a Lie group, so that Gdis is a Lie 2-group. Then, there is an equivalence 
of 2-categories 

grhG,,AM)'^Bun^G{M)d^s■ 

Indeed, if 5 is a Gdi^-bundle gerbe over M, its principal Gdis-bundle over yl^l is by Example 
12.2.41 just a smooth map a : y'^l — G, and its bundle gerbe product degenerates to an equality 
TTjgQf • 7r^2'^ = ■"'isC'^ for functions on Y^^\ In other words, a G^is-bundle gerbe is the same as 
a so-called "G-bundle 0-gerbe" . These form a category that is equivalent to the one of ordinary 
principal G-bundles, as pointed out in Section [TJ 

Remark 5.1.10. There are two differences between the definitions given here (for F — BA) and 
the ones of Murray et al. jMur96[ IMSOOl ISteOO] . Firstly, we have a slightly different ordering of 
tensor products of bundles. These orderings are not essential in the case of abelian groups because 
the tensor category of ordinary A-bundles is symmetric. In the non-abelian case, a consistent 
theory requires the conventions we have chosen here. Secondly, the definitions of 1-morphisms and 
2-morphisms have been generalized step by step: 

1. In |Mur96j . 1-morphisms did not include a common refinement, but rather required that the 
surjective submersion of one bundle gerbe refines the other. This definition is too restrictive 
in the sense that e.g. U(l)-bundle gerbes are not classified by H'^(M, Z), as intended. 

2. In [MSOOj , 1-morphisms were defined on the canonical refinement Z :— Yi Xm Y2 of the 
surjective submersions of the bundle gerbes. This definition solves the previous problems 
concerning the classification of bundle gerbes, but makes the composition of 1-morphisms 
quite involved [SteOOj . 

3. In |Wal07j . 1-morphisms were defined on refinements C ■ Z — *- Yi xm^2- This generalization 
allows the same elegant definition of composition we have given here, and results in the same 
isomorphism classes of bundle gerbes. Moreover, 2-morphisms are defined with commutative 
diagrams (|5.1.3|) - this makes the structure of the bicategory outmost simple (see Remark 

ELM- 

4. In the present article we have allowed for a yet more general refinement in the definition of 
1-morphisms. Its achievement is that bundle gerbes come out as an example of a more general 
concept - the plus construction - and we get e.g. Theorem 15.1.51 for free. 

Despite of these different definitions of 1-morphisms and 2-morphisms, the resulting bicategories of 
;B^-bundle gerbes in 2., 3. and 4. are all equivalent (see |Wal07| Theorem 1], |NS1H Remark 4.5] 
and Lemma [5.2.81 below) . 
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5.2 Properties of Groupoid Bundle Gerbes 

We recall that a homomorphism A : F — Q between Lie 2-groups is an anafunctor together with a 
transformation (|2.4.4p describing its compatibility with the multiplications. We recall further from 
Proposition 12.4.91 that extension along A is a 1-morphism 

A ; Bun-p — Butiq 

between monoidal stacks over smooth manifolds. That is, extension along A is compatible with pull- 
backs, tensor products, and morphisms between principal F-bundles. Applying it to the principal 
F-bundle P of a F-bundle gerbe Q, and also to the bundle gerbe product ^, we obtain immediately 
an f2-bundle gerbe AG- The same is evidently true for morphisms and 2-morphisms. Summarizing, 
we get: 

Proposition 5.2.1. Extension of bundle gerbes along a homomorphism A : F — fl between Lie 
2-groups defines a 1-morphism 

A : Grbr Qrbn 

of 2-stacks over smooth manifolds. 

We recall that a weak equivalence between Lie 2-groups is a homomorphism A : F — Q that 
is a weak equivalence (see Definition 12. 3. lOp . We have: 

Theorem 5.2.2. Suppose A : F — Q is a weak equivalence between Lie 2-groups. Then, the 
1-morphism A : Qrbr — ^ GtIki of Provosition [5.2. 1\ is an equivalence of 2-stacks. 

Proof. The monoidal equivalence A : Bun^ — >■ Bun^ between the monoidal stacks (Corollary 
12.4. lOp induces an equivalence lrivQrhr{M) — ^ lrivQrbt^{M) between pre- 2-stacks. Since the plus 
construction is functorial, this induces in turn the claimed equivalence of 2-stacks. □ 

Next we generalize a couple of well-known result from abelian to non-abelian bundle gerbes. We 
define a refinement of a surjective submersion tt : Y — ^ M to be another surjective submersion 
uj : W — ^ M together with a smooth map / : W — ^ Y such that ( = tt o f. Notice that such 
a refinement induces smooth maps fk : W^''^ — yl'''] that commute with the various projections 
^n...ik and tt,,...,,. 

Lemma 5.2.3. Suppose Gi ~ {Yi, Pi, fJ-i) and G2 = (^2,^27/^2) o-re T-bundle gerbes over M, 
f : Yi — s- Y2 is a refinement of surjective submersions, and ip : /2 P2 — ^ Pi is an isomorphism 

[21 

ofT-bundles over Y-^ that is compatible with the bundle gerbe products ^1 and ^2 in the sense that 
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the diagram 



/3V 



■ 7^^3/2 -P2 



is commutative. Then, Qi and Q2 are isomorphic. 



The proof works just the same way as in the abehan case: one constructs the 1-isomorphism 
over the common refinement Z := Yi Xm i^2 in a straightforward way. As a consequence of Lemma 
15.2.31 we have 

Proposition 5.2.4. Let Q = {Y,P,pi) be a T-bundle gerbe over M, and let f : W — ^ Y be a 

refinement of its surjective submersion tt : Y — AI . Then, {W, /2 -P, /s is a T-bundle gerbe over 
M, and is isomorphic to Q. 

Lemma 5.2.5. Let Q — (Y, P, fi) be a T-bundle gerbe over M. Then, there exist unique smooth 
maps i : P — P and t : Y — P such that 

(i) the diagrams 



X ana 



flip 



y[2] 




are commutative. 

(a) the map t is neutral with respect to the bundle gerbe product 11, i.e. 

Kt{V2),p) = P = Kp,t{yi)). 
for allpe P with x{p) = (2/1, y2)- 
(Hi) the map i provides inverses with respect to the bundle gerbe product fi, i.e. 

t^{i{p),P) = t{yi) and ii{p, i{p)) = t(j/2) 
for allpe P with x{p) = (2/1, y2)- 
Moreover, a{t{y)) = 1 and a{i(p)) = a(ji)~^ for all p G P and y € Y . 



-28- 



Proof. Concerning uniqueness, suppose {t,i) and {t',i') are pairs of maps satisfying (i), (ii) and 
(iii). Firstly, we have t'{y) = fi{t{y),t' {y)) = t{y) and so t^t'. Then, fi{i{p),p) = t{yi) = t'{yi) = 
fj,{i'{p),p) imphes i{p) = i'{p), and so i = i'. In order to see the existence of t and i, denote by 
Q := diag*P the puUback of P to Y, denote by the dual bundle and by d : Q (g) — ^ Ii the 
death map. Consider the smooth map 

Y Il Q^Q-" Q®Q®Q^ Il ® Q = Q ^ P 

where s : Y — 9- Ii is the canonical section (see the proof of Lemma 12.2.61) . It is straightforward 
to see that this satisfies the properties of the map t. Since all maps in the above sequence are 
(anchor-preserving) bundle morphisms, it is clear that t o a = 1. □ 



Corollary 5.2.6. Let Q = (Y,P,ii) be a T-bundle gerbe over M, and let t and i be the unique maps 
of Lemma \5.2.5\ Then, 

(i) t is a section o/diag*P, and defines a trivialization diag*P = Ii. 

(ii) i is a bundle isomorphism i : P^ — s- flip*P. 

(iii) Co := Y and Ci :— P define a Lie groupoid with source and target maps i^i o X '^'^d 1^2 ° X: 
respectively, composition fi, identities t and inversion i. 

The following statement is well-known for abelian gerbes; the general version can be proved by 
a straightforward generalization of the constructions given in the proof of j WalOT l Proposition 3] . 

Lemma 5.2.7. Every 1-morphism A : Q — 5> % between T-bundle gerbes over M is invertible. 

The last statement of this section shows a way to bring 1-morphisms and 2-morphisms into 
a simpler form (see Remark IS.l.lOp . For bundle gerbes Qi and Q2 with surjective submersions 
TTi : Yi — ^ M and n2 ■ Y2 — ^ M we denote by 'hbm{Qi,Q2) the Horn-category in the bicategory 
grbr{M), and by 'Hom{gi,g2Y^ the cate gory whose objects are those 1-morphisms whose common 
refinement is Z Yi Xm Y2, and whose 2-morphisms are those 2-morphisms whose refinement is 
W :^Yi X M Y2 with the maps r,r' : W — Z the identity maps. 

Lemma 5.2.8. The inclusion H)m{Qi,Q 2)^^ — >■ T-bm{Qi,Q2) is an equivalence 0} categories. 

Proof. First we show that it is essentially surjective. We assume A : Qi — ^ Q2 is a general 
1-morphism with a principal F-bundle Q over a common refinement Z of the surjective submersions 
TTi : Yi — ^ M and 1^2 : Y2 — ^ M of the two bundle gerbes. We look at the principal F-bundle 

Q := K^Ps (gjprjQ® K^Pi 
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over Z :~ Yi ^ 12, where 

Ki : Z ^ Yl ' : {yi,z,y2) (yi,yi{z)) and K2 : Z ^ : (2/1,2,^2) ^ (2/2(2), y2)- 

The projection pij^g : Z — 5~ Yi Xm Y2 is a surjective submersion, and over Z XyjXMY2 ^ 
have a bundle morphism a : prJQ — pr2Q defined over a point {z,z') with z ~ (1/1,2,1/2) and 
5' = {yi,z',y2) by 



-f2|y2(z'),y2 Qz' ® ^"1 Pi\yi,yiiz) 

|id®id(8/ii 



The compatibihty condition (jS.l.ip imphes a cocycle condition for a over the three-fold fibre product 

ofZ over Yi XmY2, and since principal F-bundles form a stack, the pair (Q, a) defines a principal F- 

bundle Q^^ over Z^^ := Yi x^.f Y2. It is now straightforward to show that the bundle isomorphism 

/3 itself descends to a bundle isomorphism (3^^ over Z^^ x m Z^^ in such a way that the triple 

[Z^P ,Q^P forms a 1-morphism : Qi ^2- 

In order to show that A^^ is an essential preimage of A^ it remains to construct a 2-morphism 

ipj^^ : A => A^^ ■ In the terminology of Definition 15.1.31 we choose W = Z with r := pr2 : 

W — ^ Z and r' := pr^g : W — ^ Z^^ . Note that diagram (|5.1.3p does not commute. The 

[2] [2] 
maps xw '■ W — ^ Y^ and yw : W — ^ are given by xw — s o ki and yw — 1^2, where 

s : y^'^' — ^ Yj'^' switches the factors. Now, the bundle isomorphism of the 2-morphism ip^^ we 

want to construct is a bundle isomorphism 

f ■■ ywP2 (^r*Q ^ Q ® x^Pi 

over W, and is fibrewise over a point w = {yi, z, j/2) given by 

D I /"I id®id(2)i^^ j-j I n 
-'^Iy2(z),y2 ^ P2\y2(z),y2 ®Qz® Pyi{z),yi(z) 



|id®id(8/jj ^ 

-P2|y2(z),y2 8>Q^ ® Pl\yi(z),yi ^= Qw Pl\s{y^,y^{z)), 



where t is the trivialization of diag*P of Corollary 15.2.61 The compatibility condition (|5.1.2p is 
straightforward to check. 

Now we show that the inclusion H)m{Qi, Q2)^^ — ^ H)m{Qi, Q2) is full and faithful. Since it is 
clearly faithful, it only remains to show that it is full. Given a morphism A — ^ A' in T-bm{Qi, Q2), 
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i.e. a common refinement W of Yi Xm Y2 with itself and a bundle morphism if, we have to find 
a morphism in 'Hom{Qi,Q2)^^ such that the two morphisms are identified under the equivalence 
relation on bundle gerbe 2-morphisms. We denote the bundles over Yi x m Y2 corresponding to A 
and A' by Q and Q' . The refinement maps are denoted as before hy r — (si, S2) : W — s- Yi x m Y2 
and r' — (ti,t2) W — ^ Yi Xm 5^2- Then we obtain an isomorphism r*Q — ^ r*Q' fibrewise over 
a point w Cz W hy 

Si(w),S2{w) 

|id(g)(/; 

P2\s2iw),t2{w) ® Q'\fi{w)M{w) ® Pl\si{w),ti{w) (5.2. f) 

|id(»,3'-i 

tdV I r<r\ / ) I /~\/ 1 fi®id /~\/ 1 

2 Is2(«'),t2(t«) ® 2|s2(«'),t2(«') ^ 1^1 («'),'S2(«') ^ ^ Ul(lil),S2(to) 

where d : P2\s2{w),t2iw) P2\s2{w),t2(w) — ^ Ii is the death map. One can use the compatibility 
condition for cp to show that this morphism descents to a morphism tp : Q — ^ Q' which is a 
morphism in T-bm{Gi,G2)^^ ■ The two morphisms {W, ip) and (Yi x m ^2,1^) are identified if their 
pullbacks to 

W ^(y^xmY2XmY^xmY2) {Yi Xm Y2) = e | r{w) = r'{w)} =: Wo 

are equal. On the one side, the map Wq — ^ W is the inclusion and the map Wq — ^ Yi xm Y2 is 
equal to r. The pullback of ip along r is by construction the map r*Q — r*Q' from (|5.2.ip . On 
the other side, bundles x^Pi and y^P2 over Wq have canonical trivializations (Lemma 15.2.61 fi))) 
under which ip becomes also equal to the morphism (15.2.11) . □ 

5.3 Classification by Cecil Cohomology 

In this section we prove that Versions I (Cech F-l-cocycles) and III (F-bundle gerbes) are equivalent. 
For this purpose, we extract a Cech cocycle from a F-bundle gerbe G over M, and prove that this 
procedure defines a bijection on the level of equivalence classes (Theorem 15.3.21 below*). First we 
have to assure the existence of appropriate open covers. 

Lemma 5.3.1. For every T-bundle gerbe G = (Y, P, fi) over M there exists an open cover ^ = 
{C^ilig/ of A'lwith sections Oi : Ut — ^ Y , such that the principal T-bundles (ai x Uj)*P over UinUj 
are trivializable. 

Proof. One can choose an open cover such that the 2-fold intersections Ui D Uj are contractible. 
Since every Lie 2-group is a crossed module G//H (Remark l2.4.3p . and G/i/- bundles are ordinary 
i?-bundles (^Lemma l2.2.9p . these admit sections over contractible smooth manifolds. But a section 
is enough to trivialize the original F-bundle fLemma l2.2.6p . □ 
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Let Q he a F-bundle gerbe over M, and let = {Ui}^^j be an open cover with the properties of 
Lemma [5. 3. II We denote by M^j/ the disjoint union of aU the open sets Ui, and by a : M^/ — ^ Y 
the union of the sections ai. Then, cr is a refinement of tt : y — 9- M, and we have a F-bundle 
gerbe Q^ir.a that is isomorphic to Q (Proposition 15. 2. 4|) . 

The principal F-bundle Py of G'&-,a over the component Ui D Uj is by assumption trivializable. 
Thus there exists a trivialization tij : Pij — ^ If^- for smooth functions fij : Ui D Uj — ^ Fq. We 
define an isomorphism Hijk between trivial bundles such that the diagram 

Pjk ® P^J P^k 

is commutative. Now we are in the situation of Lemma l5.2.3[ which implies that the F-bundle gerbe 
5«^,<T,t := {M'^,If^j,fiijk) is stiU isomorphic to g. 

Combining Lemma [2.2.81 with Example 12.4.71 feij). we see that the isomorphisms ^ijk correspond 
to smooth maps gijk : Ui n Uj n Uk Fi such that s{gijk) = fjk ■ fij and t{g,jk) = fik- The 
associativity condition for ^ijk implies moreover that 

ga-is ° [gap-i ■ id/^J = gaps ° (id/„3 ■ gp^s)- 
Hence, the collection {fij,gijk} is a F-l-cocycle on M with respect to the open cover 

Theorem 5.3.2. Let M be a smooth manifold and let T be a Lie 2-group. The above construction 
defines a bisection 

( Isomorphism classes of 
\ T-bundle gerbes over M 

Proof. We claim that F-bundle gerbes {M<i^ ,lf.- , Hijk) and {M-i/.lhi^TVijk) are isomorphic if and 
only if the corresponding F-l-cocycles are equivalent. This proves at the same time that the 
choices of open covers and sections we have made during the construction do not matter, that the 
resulting map is well-defined on isomorphism classes, and that this map is injective. Surjectivity 
follows by assigning to a F-l-cocycle {fij, gijk) with respect to some cover the F-bundle gerbe 
{M<^,If.^, ^ijk) with ^ijk determined by Lemma r2.2.8l 

It remains to prove that claim. We assume A = (Z, Q, a) is a 1-isomorphism between the F- 
bundle gerbes {M^^ ,If.. , fiijk) and {Mr,lhij,Vijk)- Similarly to Lemma [5.3.11 one can show that 
there exists a cover W oi M hy open sets Wi that refines both ^ and Y , and that allows smooth 
sections LOi : Wi — ^ Z for which the F-bundle lo*Q is trivializable. In the terminology of the above 
construction, choosing a trivialization t : uj*Q — ^ Ihi with smooth maps hi : Wi — 5~ Fq over M-^ 
converts the isomorphism a into smooth functions Sij : Wi n Wj — Fi satisfying s{sij) = g'^^ ■ hi 



I -Hi(Af,F). 
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and t(sij) = hj ■ gij. The compatibility diagram (j5.1.ip implies the remaining condition that makes 
{hi,Sij) an equivalence between the r-2-cocycles (fij,gijk) and {fij,g'ijk)- Q 



6 Version IV: Principal 2-Bundles 

The basic idea of a smooth 2-bundle is that it gives for every point x in the base manifold M a 
Lie groupoid Vx varying smoothly with x. Numerous different versions have appeared so far in the 
literature, e.g |Bar041 |BS07[ IWocl ISP) . The main objective of our version of principal 2-bundles is 
to make the definition of the objects (i.e. the 2-bundles) as simple as possible, while keeping their 
isomorphism classes in bijection with non-abelian cohomology. Thus, our principal 2-bundles will 
be defined using strict actions of Lie 2-groups on Lie groupoids, and not using anafunctors. The 
necessary "weakness" will be pushed into the definition of 1-niorphisms. 

6.1 Definition of Principal 2-Bundles 

As an important prerequisite for principal 2-bundles we have to discuss actions of Lie 2-groups on 
Lie groupoids, and equivariant anafunctors. 

Definition 6.1.1. Let V be a Lie groupoid, and let T be a Lie 2-group. A smooth right action ofT 
on V is a smooth functor R : V xT — p such that Rip, I) = p and R{p, idi) = p for all p ^ Vo 
and p € Vi, and such that the diagram 

id X rn 

r xT X r X r 

Rxid 

VxT 

of smooth functors is commutative (strictly, on the nose). 

For example, every Lie 2-group acts on itself via multiplication. Note that due to strict com- 
mutativity, one has R{R{p, g), g^^) =p and R{R{p,^),i(pi)) = p for all g £ Fq, p G "Po, 7 G Fi and 
peVi. 

Remark 6.1.2. This definition could be weakened in two steps. First, one could allow a natural 
transformation in the above diagram instead of commutativity. Secondly, one could allow R to be 
an anafunctor instead of an ordinary functor. It turns out that for our purposes the above definition 
is sufficient. 
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Definition 6.1.3. Let X and y he Lie groupoids with smooth actions {Ri,pi), {R2i P2) of a Lie 
2-group T . An equivariant structure on an anafunctor F : X — y is a transformation 



X xT- 



Ri 



_Fxid 



3^ X r- 



X 



■y 



satisfying the following condition: 



X xT xT- 



idxr 



■X xT 



A" X r X r- 



id XT 



A" X r 



i<"xidxid 



Ri xid 



Ri 



X xT — Ri- 



X 



Fx id xid 



yxTxT Fxid A 

3^ X r- 



-Fxid X 



// 



1^ 

3^ X r X r — idxm — ^ 3; X r 



-R2 xid 



■y 



yxY- 



Ri ^ R.2 

An anafunctor together with a V -equivariant structure is called T-equivariant anafunctor. 



y 



In Appendix El we translate this abstraet (but evidently correct) definition of equivariance into 
more concrete terms involving a Fi-action on the total space of the anafunctor. 

Definition 6.1.4. // {F,X) : X — y and (G,7) : X — y are T-equivariant anafunctors, a 
transformation rj : F => G is called T-equivariant, if the following equality of transformation holds: 



X xT- 



X 



X xT 



G X id f^rj X id=^ F x id^ 

A 

3^ X r- 



Gxid 



R2 



■y 



yxT 




It follows from abstract nonsense in the bicategory of Lie groupoids, anafunctors and transfor- 
mations that we have another bicategory with 

• objects: Lie groupoids with smooth right F-actions. 

• 1-morphisms: F-equivariant anafunctors. 

• 2-morphisms: F-equivariant transformations. 
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We need three further notions for the definition of a principal 2-bundle. Let M be a smooth 
manifold, and let P be a Lie groupoid. We say that a smooth functor tt : V — >■ M^g is a surjective 
submersion functor, if tt : Po — ^ M is a surjective submersion. Let tt : V — ^ Mdis be a surjective 
submersion functor, and let Q be a Lie groupoid with some smooth hmctor x '■ Q — ^ Mdis- Then, 
the fibre product 'P Xm Q is defined to be the full subcategory oi V x Q over the submanifold 
Vo Xm QoCVoX Qo. 

Definition 6.1.5. Let M be a smooth manifold and let T be a Lie 2-group. 

(a) A principal T -2-bundle over M is a Lie groupoid V , a surjective submersion functor tt : 
V — ^ Mdis, o-nd a smooth right action R of T on V that preserves tt, such that the smooth 
functor 

T := (pri,i?) : -P X r ^ V XmV 

is a weak equivalence. 

(b) A 1-morphism between principal T -2-bundles is a T-equivariant anafunctor 

F:Vi ^ V2 

that respects the surjective submersion functors to M. 

(c) A 2-morphism between 1-morphisms is a T-equivariant transformation between these. 
Remark 6.1.6. 

(a) The condition in (a) that the action R preserves the surjective submersion functor n means 
that the diagram of functors 

R 



VxT- 



Mdis 



is commutative. 



(b) The condition in (b) that the anafunctor F respects the surjective submersion functors means 
in the first place that there exists a transformation 
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However, since the target of the anafunctors tti and 7r2 o is the discrete groupoid Mdis, the 
equivalence of Example 12.3.41 applies, and implies that if such a transformation exists, it is 
unique. Indeed, it is easy to see that an anafunctor F : V — ^ Q with anchors ai : F — 5~ Vo 
and ar '■ F — Qq respects smooth functors tt ; V — 5~ Mdis and x ■ Q — ^ Mdis if and only 
if TT o a; = x° c^r- 

Example 6.1.7. The trivial T-B-bundle over M is defined by 

P := Mdxs X r , TT := pr^ , R := vIm x m. 

Here, the smooth functor t even has a smooth inverse functor. In the following we denote the 
trivial r-2-bundle by I. 

Remark 6.1.8. The principal r-2-bundles of Definition 16.1.51 are very similar to those of Bartels 
|Bar04j and Wockel |Woc| . in the sense that their fibres are groupoids with a F-action. They only 
differ in the strictness assumptions for the action, and in the formulation of principality. Opposed 
to that, the "principal 2-group bundles" introduced in [GS] are quite different: their fibres are Lie 
2-groupoids equipped with a certain Lie 2-groupoid morphism to BT. 

6.2 Properties of Principal 2-Bundles 

Principal r-2-bundles over M form a bicategory denoted 2-Bunj.{M). There is an evident puUback 
2-functor 

/* : 2-Bunj.{N) 2-Bunr{M) 

associated to smooth maps / : M — ^ N, and these make 2-Sunp a pre-2-stack over smooth 
manifolds. We deduce the following important two theorems about this pre-2-stack. The first 
asserts that it actually is a 2-stack: 

Theorem 6.2.1. Principal T-2-bundles form a 2-stack 2-Sunp over smooth manifolds. 

Proof. This follows from Theorem 15.1.51 (F-bundle gerbes form a 2-stack) and Theorem 17.11 (the 
equivalence Qrbr = 2-Bun^) we prove in Section [71 □ 

Remark 6.2.2. Similar to Remark l5.1.61 we obtain automatically bicategories 2-Bunj,(X) of prin- 
cipal r-2-bundles over Lie groupoids X, including bicategories of equivariant principal T-2-bundles. 

The second concerns a homomorphism A : T — ^ fl of Lie 2-groups, which induces the extension 
A : Qrbr — ^ Grbfi between 2-stacks of bundle gerbes (Proposition I5.2.ip . Combined with the 
equivalence Qrbr = 2-Bun-p of Theorem 17. 1[ it defines a 1-morphism 

A : 2-BunY — ^ 2-Bunfi 
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between 2-stacks of principal 2-bundles. Now we get as a direct consequence of Thcorcm l5.2.2l 



Theorem 6.2.3. If A : T — s- Q is a weak equivalence between Lie 2-groups, then the 1-morphism 
A : 2-BunY — ^ 2-BunQ is an equivalence of 2-stacks. 

A third consequence of the equivalence of Theorem 17.11 in combination with Lemma 15.2.71 is 

Corollary 6.2.4. Every 1-morphism F : Vi — ^ V2 between principal T-2-bundles over M is 
invertible. 

The following discussion centers around local trivializability that is implicitly contained in Def- 
inition 16.1.51 A principal r-2-bundle that is isomorphic to the trivial r-2-bundle I introduced in 
Example 16. 1.71 is called trivializable. A section of a principal r-2-bundle V over M is an anafunctor 
iS* : Mdis — ^ V such that ttoS = idMats (recall that an anafunctor ttoS : M — ^ M is the same as 
a smooth map). One can show that every point x G M has an open neighborhood U together with 
a section s : Udis — ^ 'P\u- Such sections can even be chosen to be smooth functors, rather then 
anafunctors, namely simply as ordinary sections of the surjective submersion tt : {'P\jj)q — 5~ Udis- 

Lemma 6.2.5. A principal T-2-bundle over M is trivializable if and only if it has a smooth section. 

Proof. The trivial r-2-bundle I has the section S{m) := [m, 1), where 1 denotes the unit of Fg. If 
V is trivializable, and F : I — >■ V is an isomorphism, then, o S' is a section of V . Conversely, 
suppose V has a section S : Mdis — ^ T-'- Then, we get the anafunctor 

I = Md^s X r r X r — ^ r. (6-2.i) 

It has an evident F-equivariant structure and respects the projections to M. According to Corollary 
I6.2.4i this is sufficient to have a 1-isomorphism. □ 

Corollary 6.2.6. Every principal V-2-bundle is locally trivializable, i.e. every point x G M has an 
open neighborhood U and a 1-morphism T : X — 'P\u . 

Remark 6.2.7. In Wockel's version |Wocj of principal 2-bundles, local trivializations are required 
to be smooth functors and to be invertible as smooth functors, rather than allowing anafunctors. 
This version turns out to be too restrictive in the sense that the resulting bicategory receives no 
2-functor from the bicategory Qrbr{M) of F-bundle gerbes that would establish an equivalence. 

It is also possible to reformulate our definition of principal 2-bundles in terms of local trivializa- 
tions. This reformulation gives us criteria which might be easier to check than the actual definition, 
similar to the case of ordinary principal bundles. 

Proposition 6.2.8. Let V be a Lie groupoid, tt : V — >- Mdis be a surjective submersion functor, 
and R be a smooth right action of T on V that preserves tt. Suppose every point x G M has an 
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open neighborhood U together with a T-equivariant anafunctor T : I — 'P\u that respects the 
projections. Then, tt : V — ^ M^is is a principal T-2-bundle over M . 

Proof. Wc only have to prove that the functor r is a weak equivalence, and we use Theoreni l2.3.12l 
Since all niorphisms of V have source and target in the same fibre of tt : T'o — ^ M^is, we may 
check the two conditions of Theorem 12.3.121 locallv. i.e. for V\ui where Ui is an open cover of M. 
Using local trivializations % : I — ^ 'P\ui, the smooth functor r translates into the smooth functor 
(id, prj^, rn) : Mdis x F x F — ^ {Mdis x F) Xm {Mdis x F). This functor is an isomorphism of Lie 
groupoids, and hence essentially surjective and fully faithful. □ 



7 Equivalence between Bundle Gerbes and 2-Bundles 

In this section we show that Versions III and IV of smooth F-gerbes are equivalent in the strongest 
possible sense: 

Theorem 7.1. For M a smooth manifold andV a Lie 2-group, there is an equivalence of bicategories 

GrbriM) = 2-Bun^{M) 

between the bicategories ofT-bundle gerbes and principal V-2-bundles over M. This equivalence is 
natural in M , i.e. it is an equivalence between pre-2-stacks. 

Since the definitions of the bicategories Qrbr{M) and 2-;Bwnp(M), and the above equivalence 
are all natural in M , we obtain automatically an induced equivalence for the induced bicategories 
over Lie groupoids (see Remarks 15 . 1 . 61 and 16 . 2 .2^ . 

Corollary 7.2. For X a Lie groupoid and F a Lie 2-group, there is an equivalence 

grbriX) = 2-Bunj.{X). 

The following outlines the proof of Theorem 17.11 In Section 17.11 we construct explicitly a 2- 
functor 

(?M : 2-Bun^{M) GrbriM). 

Then we use a general criterion assuring that (om is an equivalence of bicategories. This criterion 
is stated in Lemma IB. II it requires (A) that com is fully faithful on Hom-categories, and (B) to 
choose certain preimages of objects and 1-morphisms under (^m. Under these circumstances, Lemma 
IB. II constructs an inverse 2-functor Mm together with the required pseudonatural transformations 
assuring that S'm and .^m form an equivalence of bicategories. Condition (A) is proved as Lemma 
17. 1.71 in Section mi The choices (B) are constructed in Section [TjH 
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In order to prove that the 2-functors S'm extend to the claimed equivalence between pre-2- 
stacks, we use another criterion stated in Lemma lB.31 The only additional assumption of Lemma 
IB.3l is that the given 2-functors i^m form a 1-morphism of pre-2-stacks; this is proved in Proposition 
17.1.81 Then, the inverse 2-functors Mm obtained before automatically form an inverse 1-morphism 
between pre-2-stacks. 

7.1 Prom Principal 2-Bundles to Bundle Gerbes 

In this section we define the 2-functor (#m : 2-;BMrip(M) — ^ Qrbr{M). 

Definition of S'm on objects 

Let V he a, principal r-2-bundle over M, with projection tt : P — Af and right action i? of F on 
V. The first ingredient of the F-bundle gerbe S'm{'P) is the surjective submersion tt : Pq — ^ M. 

[21 

The second ingredient is a principal F-bundle P over P^""'. We put 

P:=PiX To. 

Bundle projection, anchor and F-action are given, respectively, by 
X{p,9) ■■= {t{p),R{s{p),9^^)) , a{p,g):=g 

and (p,5)o7:= (i?(p,idg-i •7),s(7)). (7.1.1) 
These definitions are motivated by Remark 17.1.21 below. 

[21 

Lemma 7.1.1. This defines a principal T-bundle over Pq . 

Proof. First we check that x '■ P — *~ T'q is a surjective submersion. Since the functor t — (id, R) 
is a weak equivalence, we know from Theorem 12.3.121 that 

/: (n xFo)rXtxt7'pl ^ pf'l : (p, 3,^1,^2) ^ (s(pi), 5(^2)) 

is a surjective submersion. Now consider the smooth surjective map 

g: (T'o xro).Xtxt^f' ^ T^i x Fq : (p, 5, Pi, P2) ^ (p^' ° ^(P2, idg-i), 3"^). 

We have x ° 9 = fi thus, x is a surjective submersion. Next we check that we have defined an 
action. Suppose (p, 5) £ P and 7 £ Fi such that a{p,g) ^ g = ^(7). Then, a{{p,g) 07) = 5(7). 
Moreover, suppose 71,72 G Fi with ^(71) = g and ^(72) — ^(ti)- Then, 

((P,5) °7i) °72 = {R{pMg^i • 7i),s(7i)) °72 

= (i?(p,idg-i • 71 • ids(^^)-i • 72), 5(72)) = {p,9) ° (71 °72), 
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where we have used that 71 o 72 = 71 • ids(^j)-i • 72 in any 2-group. It remains to check that the 
smooth map 

is a diffeomorphism. For this purpose, we consider the diagram 

p[2] 

sxt (7.1.2) 

{Vo X To) X {Vo X To) T'i'l x vj^^ 

and claim that (a) A^i Pq x^ Fi is a pullback of (j7.1.2p . (b) A^2 := P P ^ puUback of 
(|7.1.2p . and (c) that the unique map iVi — 7V2 is f. Thus, f is a diffeomorphism. 

In order to prove claim (a) we use again that the functor r = (id, R) is a weak equivalence, so 
that by Theorem l2.3.12l the triple {Vi x Fi, r, s x i) is a pullback of (|7.1.2p . We consider the smooth 
map 

e : iVi ^ T'l X Fi : ((p,5),7) ^ (i?(p, id<,-i ), 7) 

which is a diffeomorphism because (p, 7) I — 5~ idt(7)), ^(7))' 7) ^ smooth map which is inverse 

to ^. Thus, putting /i := r o ^ and gi :— {s x t) o we see that {Ni,fi,gi) is a pullback of (|7.1.2p . 
In order to prove claim (b), we put 

/2((pi,gi), (P2,g2)) := (i?(pi,idg-i),p2) 

ff2((pi,gi), (^2,32)) := {R{s{p),g^^),g2,R{t{pi),g^^),gi), 

and it is straightforward to check that the cone (iV2, /2,52) makes (|7.1.2p commutative. The triple 
(^27/2,32) is also universal: in order to see this suppose N' is any smooth manifold with smooth 
maps f : N' ^ "Pf ' and g' : N' ^ {Vq x Fq) x (T'o x Fq) so that (I7X^ is commutative. For n e 
N', we write f'{n) = (^1,^2) and g'(n) = {pi, gi,p2, 92)- Then, cr(n) := ((i?(pi, id^-i), 32), (P2,5i)) 
defines a smooth map a : N' — P ^x^ P. One checks that f2 ° <^ — f and g2 ° cr — 9' , and that 
a is the only smooth map satisfying these equations. This proves that {N2, f2, 92) is a pullback. 
We are left with claim (c) . Here one only has to check that r : A^i — s- N2 satisfies f2 ~ fi°T and 
32 = 31 o T. □ 

Remark 7.1.2. The smooth functor r — (id, R) : P x T — *- P x ]^J V is a weak equivalence, and 
so has a canonical inverse anafunctor r^^ (Remark l2.3.13l) . The anafunctor 

p[2] PxmP P xm P PxT F, 

[21 

where c is the functor that switches the factors, corresponds to a principal F-bundle over Pi;' that 
is canonically isomorphic to the bundle P defined above. 
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It remains to provide the bundle gerbe product 

fi : 7r*3P nl^P nl^P, 

which we define by the formula 

A*((P23,g23), (Pl2,ffl2)) := (Pl2 0^(P23,idgi2)75235l2)- (7.1.3) 

Lemma 7.1.3. Formula {l.l.S^ defines an associative isomorphism /i : ir'^'iP ® t^i2P — ^ '"'13-^ 
principal T -bundles over 

Proof. First of all, we recall from Example 12.4.71 (|b|) that an element in the tensor product 
TT*2^P®TTl2P is represented by a triple (p23,Pi2, 7) where P23,Pi2 e P with 7ri(x(p23)) = 7i'2(x(pi2)), 
and a(p23)'Q!(pi2) = ^(7)- In (17.1.3P we refer to triples where 7 = id^jg^^j , and this definition extends 
to triples with general 7 G Fi by employing the equivalence relation 

(Pi,P2,7) (Pi ° (7 • ida(p2)-i),P2,ids(T,)). (7.1.4) 
The complete formula for fi is then 

^^((^23,523), (Pi2,5i2),7) = (Pi2 oi?(p23,idg-i -7), 5(7)). (7.1.5) 
Next we check that (|7.1.5p is well-defined under the equivalence relation (|7.1.4p : 

/i(((P23,523), (Pi2,5i2),7)) = (pi2oi?(p23,idg-^i •7),s(7)) 

= (pi2 o i?(p23 o i?(id^(^(^^3)_^-i),7 • idg-^i),idg,J,s(7)) 

= m((P23 °^(idj^(,(p^3),g-^i),7-idg-^0,s(7)5r2^),(Pi2,ffi2),id,(-y))) 

= m(((P23,523) o (7 • idg-^i), (Pi2,gi2),ids(^))). 

Now we have shown that /i is a well-defined map from 7r|3P(8)7rj['2P to t^i:}P, and it remains to prove 
that it is a bundle morphism. Checking that it preserves fibres and anchors is straightforward. It 
remains to check that (j7.1.5p preserves the F-action. We calculate 

M(((P23,523), (Pl2,5l2),7) °7) = M((P23,.923),(P12,512),7°7) 

= (p23oi?(pi2,idgi2 •«(7°7)),s(7)) 

= (p23 o-R(-R(pi2,idgiJ,i(7) oi(7)),s(7)) 

= {P23 °-R(-R(Pl2,ldgi2),l(7))) O R{ldfl(^s{pi2),g)^ ^(7)),^(7)) 

= (p23 oi?(pi2,idgi2 •i(7))oi?(idH(s(pi2),ff),«(7)),s(7)) 
= (P23 °-R(Pi2,idgi2 •i(7)),s(7)) 07 

= M((P23,523), (Pl2,5l2),7) °7- 
[31 

Summarizing, /.t is a morphism of F-bundles over Vq . The associativity of /i follows directly from 
the definitions. □ 
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Definition of on 1-morphisms 



We define a 1-morphism (oMiF) : ^m{V) — ^ S'm{V') between F-bundle gerbes from a 1-morphism 
F : V — 7-" between principal r-2-bundles. Tlie refinement of tlie surjective submersions tt : 
V — *- M and tt' : V' — *- M is the fibre product Z :— Vq y. m Vq. Its principal F-bundle has the 
total space 

Q:=Fy. To, 

and its projection, anchor and F-action are given, respectively, by 

and (/,5)o7:=(p(/,id^-i-7),s(7)), (7.1.6) 

where p : F x Fi — ^ F denotes the Fi-action on F that comes from the given F-equivariant 
structure on F (see Appendix IXj) . 

Lemma 7.1.4. This defines a principal T-bundle Q over Z . 

Proof. We show first the the projection x ■ Q — ^ Z is a surjective submersion. Since the functor 
t' : V' X r — ^ V xm V is a. weak equivalence, we have by Theorem 12.3.121 a puUback 

X ^ (Po X To) BXt {V[ X A/ V[) 

F^'oc^.U) ^0 ^ Po XM Po 

along the bottom map {f,p') I — ^ {ar{f),p'), which is well-defined because the anafunctor F pre- 
serves the projections to M (see Remark 16.1.61 (| b |l ). In particular, the map ^ is a surjective sub- 
mersion. It is easy to see that the smooth map 

^ FxFo : {{.fp'),{p'o,g,P,P)) ^ (/ o p-^ o i?(p, id^-i), g-^) 
is surjective. Now we consider the commutative diagram 

X ^ F X Fo 

Fn'oaiU) Xtt' Po — ^ Po xm Pq- 

Xld 

The surjectivity of k and the fact that and a/ x id are surjective submersions shows that x is one, 
too. 
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Next, one checks (similarly as in the proof of Lemnia[7T3J that the F-action on Q defined above 
is well-defined and preserves the projection. Then it remains to check that the smooth map 

is a diffeomorphism. An inverse map is given as follows. Given an element (/i, ffi, /2, .92) on the 
right hand side, we have ai{fi) = ai{f2), so that there exists a unique element p' e V'l such 
that /i o p' = /2- One calculates that (^',32) and (ida^^^^), gi) are elements of the principal F- 
bundle V' x Tq over Pq of Lemma [7.1.11 Thus, there exists a unique element 7 £ Fi such that 
{p',92) = (id„^(/i),.gi) 07. Clearly, ^(7) = gi and 5(7) = 32, and we have p' = i?(ida^(/,), id^-i -7). 
We define ^^^(/i, gi, /2, 32) '■— (/i, ffi, 7)- The calculation that is an inverse for ^ uses property 
(ii) of Definition I A. II for the action p, and is left to the reader. □ 

The next step in the definition of the 1-morphism S'{F) is to define the bundle morphism 

/3 : p'^ciQ c;q®p 

over Z Xm Z. We use the notation of Example l2.4.7l (jb| for elements of tensor products of principal 
F-bundles; in this notation, the morphism /3 in the fibre over a point {{pi,p'i), (^2,^2)) Z Xm Z 
is given by 

/3 : Hp', 9'), if, 9),l)^ Hi 9'9h), (p, /i"^), 7), 
where /i £ Fq and p ^V'l are chosen such that s{p) — R{p2, h^^) and t{p) = pi, and 

f:^pip-'ofoR{p\idg),i<:h). (7.1.7) 

Lemma 7.1.5. This defines an isomorphism between principal T-hundles. 

Proof. The existence of choices of p, h follows because the functor t' : V' x T — ^ V' x m V is 
smoothly essentially surjective (Theorem I2.3.12P : in particular, one can choose them locally in a 
smooth way. We claim that the equivalence relation on QQ®-^ identifies different choices; thus, we 
have a well-defined smooth map. In order to prove this claim, we assume other choices /5', /i'. The 
pairs (p, h~^) and (p', h'^^) are elements in the principal F-bundle P' over V'q x m Vq and sit over 
the same fibre; thus, there exists a unique 7 G Fi such that {p,h^^) 07 = (p', h'^^), in particular, 
i?(p, idft, • 7) = p'. Now we have 

((/, 9'9h), (p, h-'), 7) = ((/, g'gh), (p, h~'), (idt(^) • li^) • 7) o 7) 

~ ((/, 9'9h) o (idt(^) • i(7)), (p, h~^) o 7, 7) 

so that it suffices to calculate 

(/, 9'9h) o (idt(^) • i(7)) ^ {p{f , id^-i • i (7)), g' gh') 

= {p{F^ ° / ° Rip, idg), i(7)), 9'9h') 

= {p{R{r\i{l) ■ id^'-i ) o / o R{p\ idg), idv), g'gh'), 
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where the last step uses the compatibihty condition for p from Definition I A. 1 1 fii) . In any 2-group, 
we have 1(7) • ids(^) — (id^^y-^-i ■ 7)^^, in which case the last line is exactly the formula (j7.1.7p for 
the pair (p', h'). 

Next we check that /? is well-defined under the equivalence relation on the tensor product 
P' ®C,IQ. We have 

X ■■= Hp', 9'), {f,g), (71 -72) 07) ~ ((p',3') °7i, °72,7) =: x' 

for 71,72 G Fi such that ^(71) = g' , t(72) = g and 5(71)5(72) — t{j). Taking advantage of the fact 
that we can make the same choice of {p, h) for both representatives x and x' , it is straightforward 
to show that P{x) = /3{x'). Finally, it is obvious from the definition of /3 that it is anchor-preserving 
and F-equivariant. □ 

In order to show that the triple {Z, Q, /3) defines a 1-morphism between bundle gerbes, it remains 
to verify that the bundle isomorphism /? is compatible the with the bundle gerbe products fii and 
P2 in the sense of diagram (jS.l.ll) . This is straightforward to do and left for the reader. 



Definition of (o^/ on 2-morphisms, compositors and unitors 

Let Fi,F2 : P — ^ P' be 1-morphisms between principal F-bundles over M, and let 77 : F => G 
be a 2-morphism. Between the F-bundles Qi and Q2, which live over the same common refinement 
Z — Pq X M Pq, find immediately the smooth map 

■q-.Qi^ Q2 : {fi,g) ^ {v{fi),g) 

which is easily verified to be a bundle morphism. Its compatibility with the bundle morphisms /3i 
and f32 in the sense of the simplified diagram (|5.1.4p is also easy to check. Thus, we have defined a 
2-morphism ^m(?7) : 'S'm{Fi) =^ <^m{F2)- 

The compositor for 1-morphisms Fi : P — ^ P' and F2 : P' — ^ P" is a bundle gerbe 2- 
morphism 

CFuF2 ■■ '^m{F2 oFi) ^ Sm{F2) o SuiFi). 

Employing the above constructions, the 1-morphism Sm{F2 o Fi) is defined on the common refine- 
ment Z12 := Pq X M Pq and has the F-bundle Q12 = {Fi x-pr^ F2)/P'i x Fq, whereas the 1-morphism 
S'm {F2) o S'm {Fi) is defined on the common refinement Z := Pq xmPq 'X-mPq and has the F-bundle 
Q2 ® Qi with Qk — Fk X Tq. The compositor CF1.F2 is defined over the refinement Z with the 
obvious refinement maps pr^^g : Z — Z12 and id : Z — Z making diagram (jS.l.Sp commutative. 
It is thus a bundle morphism cfi,F2 ■ PT^lsQu — ^ Q2 <8> Qi- For elements in a tensor product of 
F-bundles we use the notation of Example 12.4.71 (|b]). Then, we define cfi,F2 by 

{{p,p',p"),{fiJ2,9)) ^ {{P2{p-' o f2,idh),gh),{h o p,h-'),idg), (7.1.8) 
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where h G Tq and p : R{p' , h^^) — ^ otrifi) ~ ck^/s) chosen in the same way as m the proof of 
Lemma rZ.l.SI The assignment (|7.1.8p does not depend on the choices of h and p, and also not on the 
choice of the representative (/i, /2) in [Fi x-p^F2)/V[. It is obvious that (|7.1.8p is anchor- preserving, 
and its F-equi variance can be seen by choosing (p, h) in order to compute CFi.Fa iip,p' ,p"), (/i, /2, 5)) 
and (/5', h) with p' := R{p, idg-i -7"^) in order to compute cfi,F2 {{{PiP' iP")-, (/i: /2, ff))°7)- In order 
to complete the construction of the bundle gerbe 2-morphism cfi,F2 we have to prove that the bundle 
morphism CF1.F2 is compatible with the isomorphisms /3i2 of S'm{F2 o Fi) and (id ® Pi) o (/?2 ® id) 
of S'm{F2) o S'm{Fi) in the sense of diagram (|5.1.4p . Wc start with an element {{p",g"), (/i2,.9)) G 
<^A/(P") ® Ci*Qi2, where /12 - (/i, /s). We have 

PMip", 9"), (/12, ff)) = {h2,9"9h, p, h-') 

upon choosing (p, h) as required in the definition of <S'm{F2 o Fi). Writing /12 = (/i, /2) further we 
have 

(C2*CFi,F2 ® id)((/i2,.9"5/i,p,/i"^)) = {p2ip2^ o 12^^112), 9" 9hh2jio p2,h^^,p,h-^) (7.1.9) 

upon choosing appropriate (/32, /12) as required in the definition of Ci?i,F2- This is the result of the 
clockwise composition of diagram (j5.1.4p . Counter-clockwise, we first get 

(id ® CiCF,^F2){{p", g"), (/i2,5)) = /", ghij', h-') 

for choices (pi, /ii), where /" := P2{Pi^ ° /2, id/ii) and /' :— /i opi. Next we apply the isomorphism 
P2 of Sm{F2) and get 

(/32 ® id)(p",5", /", ghi. f[,K^) = il', g"9hh2, p, h-\f[, h^') 

where we have used the choices (p, h) defined by p := R{p^^, hi) o i?(p2, h^^hi) and h := h^^hh2- 
The last step is to apply the isomorphism /3i of Sm{F2) which gives 

{SA(»Pi)(r',g"ghh2,p,h-\f[,hl^) = {T\g" ghh2j\h:^\p,h-^), (7.1.10) 

where we have used the choices (p, h) from above. Comparing (|7.1.9p and (|7. 1.101) , we have obviously 
coincidence in all but the first and the third component. For these remaining factors, coincidence 
follows from the definitions of the various variables. 

Finally, we have to construct unitors. The unitor for a principal F-2-bundle V over M is a 
bundle gerbe 2-morphism 

u-p : (fAf(idp) => idsM{v)- 

Abstractly, one can associate to id^^^ (p) the 1-morphism id Jj^j-p) constructed in the proof of Lemma 
15.2.81 and then notice that ^dg^^f^p-^ and S'M{idp) are canonically 2-isomorphic. In more concrete 

[31 

terms, the unitor u-p has the refinement W ■= Vq with the surjective submersions r :— pTi2 
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and r' := prg to the refinements Z = v]^ and Z' = Vq of the 1-morphisms (oA/(id-p) and id^j^^(-p), 
respectively. The relevant maps xw and yw are j>Ti3 and pr23, respectively. The principal F-bundle 
of the 1-morphism id^jjj(p) is the trivial bundle Q' = Ii. We claim that the principal F-bundle Q 
of Af(id-p) is the bundle P of the bundle gerbe S'm{'P). Indeed, the formulae (17.1.61) reduce for the 
identity anafunctor idp to those of (|7.1.ip . Now, the bundle isomorphism of the unitor u-p is 



pTl,P-r'*Q'<E>x*^P, 



where ^ is the bundle gerbe product of S'm{V). The commutativity of diagram (|5.1.2p follows from 
the associativity of /i. 

Proposition 7.1.6. The assignments S'm for objects, 1-morphisms and 2-morphisms, together with 
the compositors and unitors defined above, define a 2-functor 



2-Bunp(M) ^ Qrhr{M). 



Proof. A list of axioms for a 2-functor with the same conventions as we use here can be found in 
|SW[ Appendix A] . The first axiom requires that the 2-functor respects the vertical composition 
of 2-morphisms - this follows immediately from the definition. 

The second axiom requires that the compositors respect the horizontal composition of 2- 
morphisms. To see this, let Fi,F[ : V — ^ P' and ^2,^3 : V' — 5~ V" be 1-morphisms between 
principal r-2-bundles, and let 771 : Fi => F[ and 772 : F2 => be 2-morphisms. Then, the 
diagram 



'A/ 



(i^2 0Fl): 



^^MiF^oFi) 



'Sm{F2) O Sm{Fi) 



^ gM{F^) o Sm{F[) 



<SM(ril)°<SM(ri2) 

has to commute. Indeed, in order to compute cfi,F2 and cf^,fj^ one can make the same choice of 
{p,h), because the transformations rj and 772 preserve the anchors. Then, commutativity follows 
from the fact that rji and 772 commute with the groupoid actions and the Fi-action according to 
Definition EH 

The third axiom describes the compatibility of the compositors with the composition of 1- 
morphisms in the sense that the diagram 



<^m{F3 0F2 0Fi): 



^Sm{F3)oSm{F2oFi) 

idoc_F2,Fi 



Sm{F3 0^2)0 Sm{,Fi) 



oid 



^ Sm{F3) o <gM{F2) o Sm{Fi). 
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is commutative. In order to verify this, one starts with an element (/i, /2, /a, g) in Sm{F3 o F20 Fi). 
In order to go clockwise, one chooses pairs (pi2,3, /ii2,3) and (pi,2j ^1,2) and gets from the definitions 

CW = {{psiPii^s ° /3,idhi2,3)> 5/^12,3), (P2(pri ° /2 0Pl2,3,id/ii.J,/ir2l3^1,2), (/l °Pl.2,K,l))- 

Counter-clockwise, one can choose firstly again the pair (pi,2,/ii,2) and then the pair (p2, 3,^-2, 3) 
with p2,3 = i?(/5i2,3,id/ii_2) and /i2,3 = /ir,2^i2,3- Then, one gets 

CCW ((p3(p2;3 0P3(/3, id/ii. J, idfta,:,)- 5^1,2^2,3), 

(p2(pri ° /2, id/11.2) ° P2,3, ^^j), (/i ° pi,2, ^ri))' 

where one has to use formula (jA.2p for the Fi-action on the composition of equivariant anafunctors. 
Using the definitions of /i2,3 and p2,3 as well as the axiom of Definition lA.ll (ii) one can show that 
CW = CCW. 

The fourth and last axiom requires that compositors and unitors are compatible with each other 
in the sense that for each 1-morphism F : V — s- V' the 2-morphisms 

gM{F) ^ Sm{F o xAv) '''""^ > Sm{F) o ^M(idp) '''""^ > Sm{F) o id^,,,(p) ^ Sm{F) 

and 

Sm^F) = SuiSAv o F) <?M(idpO o Sm{F) id^^P') o ^m{F) ^ Sm{F) 

are the identity 2-morphisms. We prove this for the first one and leave the second as an exercise. 
Using the definitions, we see that the 2-morphism has the refinement W := Vo x m x m V'q with 
r — pr]^3 and r' — prjs. The maps xw '■ W — ^ Vo x m Vq and yw ■ W — ^ Pq XmPq are pr]^2 and 
A o prg, respectively, where A is the diagonal map. Its bundle morphism is a morphisni 

(fi : pr^aQ ^ pr23Q ® pr^2^', 

where Q — F x Tq is the principal F-bundle of S'm{F), and P = T'l x To is the principal F-bundle 
of <Sm{V). Over a point {pi,p2,p') and {f,g) e prJgQ, i.e. ai{f) = pi and R{ar{f), g~'^) = p' , the 
bundle morphism if is given by 

{f,g) ^ {p{F^ ° fMh),gh,p,h~'^), 

where h e Fq, and p e Pi with s{p) — R{p2,h^^) and t{p) — ai{f). We have to compare (W, </?) 
with the identity 2-morphism of S'm{F), which has the refinement Z with r = r' = id and the 
identity bundle morphism. According to the equivalence relation on bundle gerbe 2-morphisms we 
have to evaluate over a point w gW with r{w) = r'{w), i.e. w is of the form w = {p,p,p'). Here 
we can choose h — I and p = idp, in which case we have f{f,g) = (idp, !))• This is indeed 

the identity on Q. □ 
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Properties of the 2-functor r^M 



For the proof of Theorem 1 7. II we provide the fonowing two statements. 
Lemma 7.1.7. The 2-functor Sm is fully faithful on Horn-categories. 

Proof. Let V,!^' be principal r-2-bundles over M, let Fi,F2 : V — ^ P' be 1-morphisms. By 
Lemma l5.2.8l everv 2-morphism r/ : Sm{Fi) => Sm{F2) can be represented by one whose refinement 
is Vq X M Vq, so that its bundle isomorphism is ?y : Qi — ^ Q2, where := i^^ x F for fc 1, 2. 
We can read of a map 77 : Fi — ^ F2, and it is easy to see that this is a 2-morphism ry : Fi => F2. 
This procedure is clearly inverse to the 2-functor <om on 2-morphisms. □ 

Proposition 7.1.8. The 2-functors S'm form a 1-morphism between pre- 2- stacks. 
Proof. For a smooth map / : M — ^ iV, we have to look at the diagram 

2-Bun^{N) — ^ 2-Bun^{M) 

grbr{N) grbr{M) 

of 2-functors. For V a principal F-2-bundle over N , the F-bundle gerbe S'M{f*V) has the surjective 
submersion pr^ : Y :— M Xn Vo — ^ M, the principal F-bundle P :— AT x n Vi x Tq over Y^'^\ 
and a bundle gerbe product fi defined as in (|7.1.3p that ignores the M-factor. On the other 
hand, the F-bundle gerbe f*S'M{P) has the same surjective submersion, and - up to canonical 
identifications between fibre products - the same F-bundle and the same bundle gerbe product. 
These canonical identifications make up a pseudonatural transformation that renders the above 
diagram commutative. □ 



7.2 Prom Bundle Gerbes to Principal 2-Bundles 

In this section we provide the data we will feed into Lemma IB. II in order to produce a 2-functor 
^■M '■ Qrhr{M) — ^ 2-Bun-^{M) that is inverse to the 2-functor S'm constructed in the previous 
section. These data are: 

1. A principal F-2-bundle Mg for each F-bundle gerbe Q over M . 

2. A 1-isomorphism Ag : Q — ^ Shii^^g) for each F-bundle gerbe Q over M . 

3. A 1-isomorphism : P — ^ P' and a 2-isomorphism 77,4 : A => Sm{!^a) for all principal 
F-2-bundles P,P' over M and all bundle gerbe 1-morphisms A : Sm{P) Sm{P'). 
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Construction of the principal r-2-bundle 

We assume that Q consists of a surjective submersion tt : Y — ^ M, a principal F-bundle P over 
y[^l and a bundle gerbe product [i. Let a : P — ^ Fq be the anchor of P, and let x : P — ^ yl^^ 
be the bundle projection. 

The Lie groupoid V of the principal 2-bundle is defined by 

Vq:^Y Fo and Pi P x Fq; 
source map, target maps, and composition are given by, respectively, 

s{Vi9)--={'^i{x{v))i9) , (7ri(x(p)),a(p)^^ -5) 

and (p2,g2) o (Ai(Pi,P2),5i)- (7-2.1) 

The identity morphism of an object (y, g) G Pq is (tj^, g) G Pi, where ij, denotes the unit element in 
P over the point (y, y), see Lemma 15.2.51 The inverse of a morphism (p, .g) G Pi is aij))^^ g\ 
where i : P — P is the map from Lemma 15.2.51 The bundle projection is 7r(y, g) :— 7r(j/). The 
action is given on objects and morphisms by 

Roiiy,9),9') '■= iy,99') and Pi((p, g), 7) := (^p o (idg • 7 • idt(^)-ig-i„(p)) , 5 • 3(7)^ (7.2.2) 
Lemma 7.2.1. This defines a functor R : P x T — p^ and R is an action ofT on P. 

Proof. We assume that t : H — G is a smooth crossed module, and that F is the Lie 2-group 
associated to it, see Example 12.4.21 and Remark 12.4.31 Then we use the correspondence between 
principal F-bundles and principal if-bundles with if-anti-equivariant maps to G of Lemma 12.2.91 
Writing 7 — {h,g'), we have 

Riiip,g),l) = {p*'h,gg'). 

With this simple formula at hand it is straightforward to show that R respects source and tar- 
get maps and satisfies the axiom of an action. For the composition, we assume composable 
{P2,92), {pi,9i) e Pi, i.e. 52 = a{pi)~^gi, and composable (/i2,52)' (^i>5i) S Fi, i.e. g'^ = t{hi)g[. 
Then we have 

R{{P2,92) o (pi,5i), (^2, .92) ° (^i..9i)) = R{{p-{Pi,P2),9i)^ {h2hi,g[)) 

= (a*(pi,P2)*^'(^2^i),5i3i) 
= iti{Pi*^'h2,P2)*^'hi,gig[) 
= itiipi,P2*^"-h2)*^'hi,gig[) 
^ {t^{pi*^'hi,p2-k^^h2),gig[) 
= iP2*^^h2,g29'2)°iPi*^'hi,gig[) 

= R{{P2,92),{h2,9'2)) ° R{{Pi,9i),{hi,9i)), 
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finishing the proof. 



□ 



It is obvious that the action R preserves the projection tt. Thus, in order to complete the 
construction of the principal 2-bundle I^g it remains to show that the functor r — (pr]^,i?) is a 
weak equivalence. This is the content of the following two lemmata in connection with Theorem 

Lemma 7.2.2. r is smoothly essentially surjective. 

Proof. The condition we have to check is whether or not the map 

(sxs)opr2 



(y X To X To) rXt ((F X To) xm (P x To)) 



(Fx To) XMiYxTo) 



is a surjective submersion. The left hand side is diffeomorphic to {P x To) m Xtti {P x Tq) via pr2, 
so that this is equivalent to checking that 

s X s : {P X To) ^lox Xttiox (P x Tq) (Y x Tq) Xm (Y x Tq) 

is a surjective submersion. Since the Fo-factors are just spectators, this is in turn equivalent to 
checking that 

{tt2 X TTs) o (x X x) : -PttioxXttiox P y^^' 
is a surjective submersion. It fits into the puUback diagram 

P TTi OX X TTiOX P'^ ^ P X P 



XXX 



XXX 



Y xY 



y[2]C 

which has a surjective submersion on the right hand side; hence, also the map on the left hand side 
must be a surjective submersion. □ 



Lemma 7.2.3. t is smoothly fully faithful. 

Proof. We assume a smooth manifold N with two smooth maps 

f:N^ {VoxTo)x {To x To) and g : N ^ Pi Xm Pi 
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such that the diagram 

N ^ Vi xm Vi 

f sxt 

{Po X To) X {Po X To) {Po Xm Po) x {Pq xm Po) 

is commutative. For a fixed point n ^ N we put 

((Pi,5i),(P2,52)) e X To) Xm {P x Tq) 

and 

/H e (1^ X To X To) x (y x To x To). 

The commutativity of the diagram imphes x{Pi) = x{P2) = iy'iy)i so that there exists 7' G Fi 
with P2 = Pi o 7'- We define 7 := id^-i ■ 7' • idQ,(p2)-ig2 , which yields a morphism 7 G Fi satisfying 
r(pi,(7i,7) = {pi, giiP2i 92) = .'7('^)- On the other hand, we check that 

{s{pi,9i,l),t{pi,gi,j)) = (7r2(pi),gi,s(7),7ri(pi),a(pi)~^5i,i(7)) = /(n), 

using that 5(7) = §1^92 and ^(7) = gi^ct{pi)a{p2)~^ 92- Summarizing, we have defined a smooth 
map 

a:N^PixTi:nh-^ (pi,5i,7) 

such that T o a = 9 and {s x t) o a = f. Now let cr' : N — ^ Pi x Fi be another such map, and 
let (j'{n) ~: {p[, g[,j'). The condition that T(cr(n)) = g{n) = T{a'{n)) shows immediately that 
Pi — p'l and 9i — g'l, and then that pi o 7 = pi o 7'. But since the F-action on P is principal, we 
have 7 = 7'. This shows a = a'. Summarizing, Pi x Fi is a puUback. □ 

Example 7.2.4. Suppose F — SU(1), see Example 1 2 . 1 . II (jb| . and suppose Q isa F-bundle gerbe over 
M, also known as a U(l)-bundle gerbe, see Example 15.1.71 Then, the associated principal ;BU(1)- 
2-bundle has the groupoid P with Pq = Y and Pi — P, source and target maps s = ox and 
t = TTi o X, and composition P2 ° Pi — I^{pitP2)- Fhe action of ySU(l) on P is trivial on the level 
of objects and the given U(l)-action on P on the level of morphisms. The same applies for general 
abelian Lie groups A instead of U(l). 

Construction of the 1-isomorphism Ag : G — ^ <S'M{^g) 

The F-bundle gerbe ^M(-^e) has the surjective submersion Y := Y x Tq with Tt{y,g) := 7r(y). The 
total space of its F-bundle P is P := P x Fq x Fq; it has the anchor a{p,g,h) = h, the bundle 
projection 

x-.P^ ^ (p^^^;^) ^ {{Mx{p)),^ipr'g)A7r2{xip)),9h'')), 
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the F-action is 



12.4.31 



° (i7r2(x(p)) ° (idgh-i •7-id3-i),g^" 5(7)), 5(7)) 
(m(*^2(x(p)) ° (idff/i-i • 7 • id3-i),p),5^"^s(7),'S(7)) 
{P° (idgh-i ■7-idg-iQ()3)),g/i~^s(7),s(7)), 



and its bundle gerbe product /i is given by 

M((P23, 523, /123), (Pl2, 312, /112)) ((Pl2, ffl2) O i?((P23, 323) , id/ii^ ) , /l23/ll2 ) 

((Pl2, 312) O (P23, 323^12), /123/112) 



''^^ (m(P23,P12),523/i12, /l23^12)- 

In order to compare the bundle gerbes G and S'Mi^g) we consider the smooth maps cr : Y — ^ Y x 
Tq and (T : P — P that are defined by a{y) (y, 1) and (7{p) :— {p,a{p),a{p)). 



Lemma 7.2.5. a defines an isomorphism a : P 
the diagram 



{a X a)* P of T-bundles over Y^^^ . Moreover, 



^hP ■ 



■ ^hP ® ^hP 



^hP 



is commutative. 



Proof. For the first part it suffices to prove that a is F-equi variant, preserves the anchors, and that 
the diagram 

P^^P 



y[2] 



is commutative. Indeed, the commutativity of the diagram is obvious, and also that the anchors 
are preserved. For the F-equivariance, we have 

a{poj) = (p 07, 5(7), 5(7)) = {p,a{p),a{p)) o -f ^ a{p) 07. 

Finally, we calculate 

M((P23,a(P23),a(P23)), {Pl2,a{Pl2),a{Pl2))) WP23,Pl2),(^{P23)o^{Pl2),a{P23)a{Pl2)) 

= {KP23,Pl2),0^{fJ-{P23,Pl2)),a{KP23,Pl2))) 
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which shows the commutativity of the diagram. 



□ 



Via Lemma [5. 2 .71 the bundle morphism a defines the required 1-morphism Ag, and Lemma l5.2.3l 
guarantees that Ag is a 1-zsomorphism. 

Construction of the 1-morphism : V — V' 

Let A : (oAii'P) — ^ <Sm{'P') be a 1-morphism between F-bundle gerbes obtained from principal 
r-2-bundles V and V over M . By Lemma 15.2.81 we can assume that A consists of a principal 
F-bundle x ■ Q — ^ ^ with Z = Vo >^ mVI), and some isomorphism /? over Z^^l. For preparation, we 
consider the fibre products Zr '■= Vo X-m Vq and Zi '■= Vq Xm Vq with the obvious embeddings 
Li : Zi — Z and ir '■ Z^ — Z obtained by doubling elements. Together with the trivialization of 
Corollarv l5.2.6[ the puUbacks of /3 along ii and yield bundle morphisms 

A := t^/^ : prJaQ ^ W*izQ ® pr^2^ and fi^ := t*^ : pr23^' ® w\-aQ. 

where P :— Vi x Fq and P' := T" x Fq are the principal F-bundles of the F-bundle gerbes S'mCP) 
and (S'm{P'), respectively. 

Lemma 7.2.6. The bundle morphisms jSi and 13^ have the following properties: 
(i) They commute with each other in these sense that the diagram 




is commutative for all (^2,^2)) ^ 

(ii) j3i is compatible with the bundle gerbe product 11 in the sense that 

Alpi,P3,P' = (id ® Mpi,P2,P3) ° (Alp2,P3,P' ® id) O Alpi,P2,p' 

for all{pi,p2,P3,p')eVl^^ y.Vi 
(Hi) Pr is compatible with the bundle gerbe product fi' in the sense that 

I3r\p,p[,p'^ O (^P'i,pi,p!i ® id) = Pr\p,p'^,p'^ O (id ® Pr\p,p[,p'J 

for aZ/(p,K,p'2,p!,) eT'o xPfl. 
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Proof. The identities (ii) and (iii) follow by restricting the commutative diagram (|5.1.ip to the sub- 
manifolds vj^^ X Vq and Vq x Vq'^^ of Z'"^' , respectively. Similarly, the comniutativity of the two trian- 
gular subdiagrams in (i) follows by restricting (jS.l.ip along appropriate embeddings Z^^^ — zl'^l. 

□ 

Now we are in position to define the anafunctor First, we consider the left action 

Po-.ToxQ^ Q : ^ /3,((id,g),g) 

that satisfies a{(3o{g,q)) = gct{q). The action Po is properly discontinuous and free because Pr is a 
bundle isomorphism. The quotient F :— Q/Tq is the total space of the anafunctor we want to 
construct. Left and right anchor of an element q ^ F with x{q) — {p,p') are given by 

ai{q):=p and ar{q) := R{p' , a{q)) . 

The actions are defined by 

pi{p,q) := /3f (p, 1)) and Pr{q,p') := ida(q)-i), 1), (?)■ 

The left action is invariant under the action /3o because of Lemma 17.2.61 (i) . For the right action, 
invariance follows from Lemma 17.2.61 (ii) and the identity 

^'((i?(p',id„(,)-ig-i), 1), (id,.g)) p'{{id,g), id„(q)-i ), 1)). 

Lemma 7.2.7. The above formulas define an anafunctor F : V — ^ V' . 

Proof. The compatibility between anchors and actions is easy to check. The axiom for the actions 
pi and pr follows from Lemma l7.2.6l (ii) and (iii). Lemma l7.2.6l (i) shows that the actions commute. 
It remains to prove that ai : F — Vq is a principal T^'-bundle. Since ai is a composition of 
surjective submersions, we only have to show that the map 

T-.F^^XtV F^,X^,F:{q,p') ^ {q,Pr{q,p')) 

is a diffeomorphism. We construct an inverse map as follows. For (91,(72) with xili) = {p^p') 
and x{<l2) — {p,p'), choose a representative 

{{p',g'),q) :=/3.|-;,,p,(<72). 

Such choices can be made locally in a smooth way, and the result will not depend on them. We 
have xIq) — {p^p') that that there exists a unique 7 e Fi such that gi = q o 7. Now we put 

•^^^91,92) := (qi,i?(p ,7"^)). 
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The calculation of r ^ o t is straightforward. For the calculation of (r o r ^){qi,q2) we have to 
compute in the second component 

Pr{{R{p,1~^ ■ ida(q^yi),l),qi) = Pr{{R{p' ,1^^ ' id„(,^ ) - 1 ) , 1) O (7 • id„(g)-l),g) 

= Pr{{p' ,a{qi)a{qy^),q) 

= Po{a{qi)a{qy^ g'^'^ , I3r{{p , g'),q)) 

= l3o{a{qi)a{qy^g'^'^,q2), 

and this is equivalent to (72- D 

In order to promote the anafunctor F to a 1-morphism between principal 2-bundles, we have 
to do two things: we have to check that F commutes with the projections of the bundle Vi and 
7^2, and we have to construct a F-equivariant structure on F. For the first point we use Remark 
16.1.61 (|b|, whose criterion tt o a; = tt o is clearly satisfied. For the second point we provide a 
smooth action p : F xTi — ^ F in the sense of Definition I A . II and use Lemma [A. 2) which provides 
a construction of a F-equivariant structure. The action is defined by 

P{q, 7) Pr^iq ° (ida(g) • 7 • idt(7)-i), {idR(^a^(^q),t(j)),t{j))). (7.2.3) 
Lemma 7.2.8. This defines a smooth action o/Fi on F in the sense of Definition \A.7\ 
Proof. Smoothness is clear from the definition. The identity 

P{piq,li),l2) = /?r^(go (id„(,) • 71 • 72 • idt(^,)-it(^^)-i), (id,i(7i -72))) = p(g,7i -72) 
follows from the definition and the two identities 

(x{p{q,l)) ^ o.{q)s{l) and 

(71 • idt(7i)-i) • (ids(7i) • 72 • idt(72)-it(7i)-0 = 7i ' 72 • idt(72)-it(7i)-i ■ (7-2.4) 

The latter can easily be verified upon substituting a crossed module for F. Checking condition (i) 
of Definition lA. II iust uses the definitions. We check condition (ii) in two steps. First we prove the 
identity 

p{pi{.p,q)iii°i) = pi{R{p-,ii),p{q,i))- 

Main ingredient is the decomposition 

ida(g) ■ (7/ ° 7) ■ idt(7,)-i = (ida(q) ' 7 ' idt(7)-i) o (id„(g),(^)t(^)-i • 7, ■ idt(^,)-i) (7.2.5) 
that can e.g. be verified in the crossed module language. Now we compute 

pi.pi{p-,q),ii°i) = Pi^{q°i}'da{q) ■ ill °i) ■ '^<^t(fi)-^): {R{p,t{ii)),t{ii))) 

^""^(9° (ida(g) • 7 • idt(7)-i), (i?(p,70>^(7i)) 

= pi{R{p,ii),p{q,i))- 
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The second step is to show the identity 



Here we use the decomposition 



ida(,) • (7 ° Ir) ■ idt(^)-i = (ida(9) • 7 ■ idt(7)-i) ° (ida(g) • Ir ' idt(^)-l). 



(7.2.6) 



Then we compute 



P{Pr{q.p'),l °lr) 



Pi ^(/3r((^(p',ida(g)-i),l),go (id„(,) • (707,,) • idt(^)-i)), (id,t(7))) 

Pl^{Pr{{R{p' ,1t ■ ids(7)-ia(g)-i)7l), 

/3o(a(q)s(7r)s(7)~^a(g)~\ g ° (ida(g) ■ 7 • idt(7)-i))), (id,t(7))) 



= A ^{Pr{{R{p' ,1t ■ idQ,(p(,,^))-i)),(? o (id„(,) • 7 •idt(^)-i)), (id,t(7))) 

= Pr{p{q,l)-,R{P' ,lr))-, 

where we have employed the equivalence relation on F that was generated by the action of /Jq. D 



We may again assume that the common refinement of A is the fibre product Vq x m 'Pq, otherwise, 
the proof of Lemma 15.2.81 provides a 2-isomorphism between A and one of these. Now, A and 
S'm{^a) have the same common refinement, and 77,4 is given by the map 



r]:Q^ F X Tn : q (q, a{q)). 
This is obviously smooth and respects the projections to the base: if x{q) — {PtP')i then 



Further, it respects the F-actions: 

77(907) = (907,5(7)) = i3[^{qoj, (id, 1)) (p(g,ida(,)-i • 7), 5(7)) viq)°i, 

so that 77 is a bundle morphism. It remains to verify the commutativity of the compatibility diagram 
([5X4]) . Let {{p',g'),q') G P'®Ci*<3, and let {q,{p,g)) G C2<3'»-P be a representative for /3((p', 5'). 'Z')- 
In particular, we have a{q)g = g'a{q'), since f3r is anchor-preserving. Then, we get clockwise 



Construction of a 2-isomorphism 7/^ : A => S'm{^^a) 



x{q,oi{q)) 



17.1.61 



{ai{q),R{ar{q),a{q) ^)) ^ {p,p'). 



{rj®idm{p',g'),q')) = {{q,a{q)),{p,g)). 



(7.2.7) 
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Counter-clockwise, we have to use the isomorphism of Lemma [7 . 1 . 51 that we call /3 here. Then, 

/3((id ® g'), q')) = /3((p', g'), «(<z'))) - {{q, 9'a{q')g-'), {p, g)) (7.2.8) 

where the choices {p,h) we have to make for the definition of /3 are here {p,g~^), and q is defined 
in (|7.1.7p . which gives here 

q = (3^\l3r{{p\l),q'),{R{p-\idg-.),g-')). 



Comparing (|7.2.7p and (|7.2.8p it remains to prove q = q in F. As F was the quotient of Q by the 
action /3o, it suffices to have 

/3o(ff', q) = /3r'(/3r((id, .9'), /3.((p', 1), q')), {R{p-\idg-.), g-')) 

'^^^ Pr'mip', 9'),q'), {R{p-\idg-.),g-')) 
= Pi\PT\<lAP,9)l{R{p'\-^d,-.),g-')) 

/3r'fe(id,l)) 

= q- 

This finishes the construction of the 2-isomorphism rjj^. 



A Equivariant Anafunctors and Group Actions 

In this section we are concerned with a Lie 2-group F and Lie groupoids X and y with actions 
Ri-.XxT^ A:" and i?2 : y X F ^ y. 

Definition A.l. An action of the 2-group F on an anafunctor F : X — y is an ordinary smooth 
action p : F x Ti — s- F of the group Fi on the total space F that 



(i) preserves the anchors in the sense that the diagrams 

p 



F X Fi 



F 



X Fi 



■F 



aiXt 



A'o X Fo ■ 



ana 



Xn 



yo X Fo 



■yo 



are commutative, 
(ii) is compatible with the T-actions in the sense that the identity 

P{X ° f °V,7l°l°lr) = Ri{x,li) ° P{f,l) o R2{V,lr) 
holds for all appropriately composable x ^ Xi, ?/ G f (z F, and ji,j,^r € Fi. 
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If Fi,F2 : X — 5~ y are anafunctors with T -action, a transformation 77 : Fi => F2 is called T- 
equivariant if the map rj : Fi — >■ F2 between total spaces is Ti-equivariant in the ordinary sense. 

Anafunctors X — 5- y with F-actions together with F-equivariant transformations form a 
groupoid Ana^{X,y). On the other hand, there is another groupoid T-Ana°°{X,y) consisting of 
F-equivariant anafunctors fPefinition 16.1.3]) and F-equivariant transformations (Definition 16.1.4]) . 

Lemma A. 2. The categories Ana^{X,y) and T -Ana°° {X , y) are canonically isomorphic. 

Proof. We construct a functor 

£:Ana^{X,y) T-Ana°° {X ,y). (A.l) 

Let F : X — ^ y be an anafunctor with F-action p. We shall define a transformation 

Xp-. FoRi ^ R2o{F X id). 

First of all, the composite 

Ri F 

X X F — ^x — ^y 

is given by the total space {Xq x Fq) Xq, F, left and right anchors send an element {x,g, f) to 
{x,g) and ar{f), respectively, and the actions are 

{X,'l)°{x,g,f) = {t{x),t{'l),Ri{x,l)° f) and (x, 5, /) o 77 = (x, 5, / o 77). 
On the other hand, the composite 

x.T^yxT^y 

is given by the total space {{F x Fi) ^20(0^x3) 3^i)/ ^ with the equivalence relation 

(/ o 77', 7 o 7', 77) - (/, 7, R2{v\ 7') ° v)- 

Left and right anchor send an element (/, 7, 77) to {ai(f), ^(7)) and siji), respectively, and the actions 
are 

(X, 7') ° (/> 7, = (X ° /, 7' ° 7, ??) and {f,l,v)°v''^if,l,'n°v')- 
The inverse of the following map will define the transformation A: 

(F x ri)fl,o(„^xs)Xt3^i — ^ {Xo X Fo)i?i x„, F : {f,j,r]) {ai{f),t{-f), p{f,-f) o rj). 

Condition (i) assures that this map ends in the correct fibre product, and condition (ii) assures that 
it is well-defined under the equivalence relation ^. The left anchors are automatically respected, 
and the right anchors require condition (i). Similarly, the left action is respected automatically, 
and the right actions due to condition (ii). The axiom for a transformation is satisfied because p 
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is a group action. This defines the functor £ on objects. On morphisms, it is straightforward to 
check that the conditions on both hand sides coincide; in particular, £ is full and faithful. 

In order to prove that the functor £ is an isomorphism, we start with a given F-equivariant 
structure A on the anafunctor F. Then, an action p : F xTi — ^ F is defined by 

(/,7) ^ pr3(A"^(/,7,idfl2(a,(/),s(7)))) 

with prg ; (Aq x Fq) r,^ ^ai F — 5~ F the projection. The axiom for an action is satisfied due to the 
identity A obeys. It is straightforward to verify conditions (i) and (ii) of Definition lA.ll To close 
the proof it suffices to notice that the two procedures we have defined are (strictly) inverse to each 
other. □ 

We are also concerned with the composition of anafunctors with F-action. Suppose that Z is a 
third Lie groupoid with a F-action i?3, and F : X — ^ y and G : y — >- Z are anafunctors with 
F-actions p : x Fi — ^ F and t : G x Fi — ^ G. Then, the composition G o F is equipped with 
the F-action defined by 

(F xy, G) X Fi ^ {F xy, G) : ((/,5),7) ^ 7), r(ff, id,(^))). (A.2) 

We leave it to the reader to check 

Lemma A. 3. Let X , y and Z he Lie groupoids with V -actions Ri, R2 and i?3. 

(a) Let F : X — y and G : y — Z beV-equivariant anafunctors. IfT-equivariant structures on 
F and G correspond to Ti-actions under the isomorphism of Lemma lA.Sl then the T-equivariant 
structure on the composite F o G corresponds to the Ti-action defined above. 

(b) The isomorphism of Lemma \A.S\ identifies the trivial T-equivariant structure on the identity 
anafunctor id : X — 5- X with the Ti-action Ri : Xi x Fi — Xi on its total space X . 



B Constructing Equivalences between 2-Stacks 

Let C be a bicategory (we assume that associators and unifiers are invertihle 2-morphisms). We 
fix the following terminology: a l-isomorphism / ; Xi — *- X2 in C always includes the data of 
an inverse 1-morphism / : X2 — ^ Xi and of 2-isomorphisms i '■ f o f => id and j : id => f o f 
satisfying the zigzag identities. Let V be another bicategory. A 2-functor F : C — ^ V is assumed 
to have invertible compositors and unitors. 

The following lemma is certainly "well-known" , although we have not been able to find a refer- 
ence for exactly this statement. 

Lemma B.l. Let F : C — >■ T> be a 2-functor that is fully faithful on Horn- categories. Suppose one 
has chosen: 
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1. for every object Y £ V an object Gy G C and a 1 -isomorphism '■ Y — 5~ F{Gy). 

2. for all objects Xi,X2 G C and all 1-morphisms g : F{Xi) — F{X2), o. 1-morphism Gg : 
Xi — X2 in C together with a 2-isomorphism rjg : g => F{Gg). □ 

Then, there is a 2-functor G : T> — C and pseudonatural equivalences 

a : idu => F o G and b : G o F => idc • 

In particular, F is an equivalence of bicategories. 

Proof. We recall our convention concerning l-isomorphisms: the l-isomorphisms include 
choices of inverse 1-morphisms together with 2-isomorphisms iy : $y o ^y => id and jy : 
id => ^y o ^y satisfying the zigzag identities. 

First we explicitly construct the 2-functor G. On objects, we put G{Y) Gy. We use the 
notation g :— (^y^ o g) o ^y^ for all 1-morphisms g : Yi — 5~ Y2 in V, and define G{g) — Gg. If 
g,g' : Yi — s- Y2 are 1-morphisms, and "0 '■ 9 9' is a 2-morphism, we consider the 2-morphism 
■0 defined by 

F{Gg) (^y, o ,) o (^y. o o Cy, F^G,). 

Since F is fully faithful on 2-morphisms, we may choose the unique 2-morphism G'('0) : 
G{g) => G{g') such that F{G{ip)) = tp. In order to define the compositor of G we look at 1- 
morphisms 512 : Yi — ^ Y2 and (723 : Y2 — ^ I3. We consider the 2-morphism 

F(G(ff23) o G{g,2)) : - F{Gg,,) o F(G,, J 

R '323 '312 

ii£.Y3 ° 523) ° 6-2 ) ° ((C12 ° 512) o CYi ) 

o (ff23 ° 512)) o 6-1 „ => F{G{g23 o gi2))] 

'323°912 

its unique preimage under the 2-functor F is the compositor 

Cgi2,g23 : G(.g23) 0^(512) ^ G(523 0.912)- 
In order to define the unitor of G wc consider an object Y £ V and look at the 2-morphism 

F(G(idy)) ' > (^y o idy) o ^y ^ > idF(G(Y)) )" F(idG(y)). 

^More accurately we should write Gxi,X2,g s-i^d ilXi,X2,g^ but wc will suppress Xi and in the notation. 
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Its unique preimage under the 2-functor F is the unitor uy ■ G(idy) => idG{Y)- The second step 
is to verify the axioms of a 2-functor. This is simple but extremely tedious and can only be left as 
an exercise. The third step is to construct the pseudonatural transformation 

a : id-D => F o G. 

Its component at an object y in 2? is the 1-morphism a(Y) :— ■ Y — ^ ^{^(Y))- Its component 
at a 1-morphism g : Yi — Y2 is the 2-morphism 0(17) defined by 



a(Y2) o g = o 9 

o 5) ° id 



idoiT" 



||r;gOid 

F{Gg) o en — FiG{g)) o a{Y^). 

There are two axioms a pseudonatural transformation has to satisfy, and their proofs are again left 
as an exercise. It is easy to see that a is a pseudonatural equivalence, with an inverse transformation 
given by a{Y) ^y. The fourth and last step is to construct the pseudonatural transformation 

b:GoF^ idc. 

Its component at an object X is b{X) :— G^^^^j ■ G{F{X)) — X. Its component at a 1-morphism 
/ : X2 — 5~ X2 is the 2-morphism 

b{f):b{X2)oG{F{f)) ^ fobiX,) 

given as the unique preimage under F of the 2-morphism 

o G{Fim > F{b{X2)) o F{G{F{f))) 

Cf(X2) ° {{^F{X2) ° F{f)) ° Cf(Xi)) 

a,»F(X2),''| 

^(/)°eF(XO 

F{f) o F{b{X^)) > F{f o b{X,)). 

The proofs of the axioms are again left for the reader, and again it is easy to see that 6 is a 
pseudonatural equivalence with an inverse transformation given by b{X) := G^^^^y □ 

As a consequence of Lemma lB.ll we obtain the certainly well-known 
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Corollary B.2. Let F : C — V be essentially surjective, and an equivalence on all Horn- 
categories. Then, F is an equivalence of bicategories. 

Since we work with 2-stacks over manifolds, we need the following "stacky" extension of Lemma 
IB. II For a pre-2-stack C, we denote by Cm the 2-category it associates to a smooth manifold M, and 
by V'* : Cn — ^ Cm the 2-functor it associates to a smooth map ip : M — ^ N. The pseudonatural 
equivalences ip* o ip* ^ {ip o ^)* will be suppressed from the notation in the following. If C and V 
are pre-2-stacks, a 1-morphism F : C — T) associates 2-functors Fm ■ Cm — ^ T^m to a smooth 
manifold M, pseudonatural equivalences 

F^:r°FN^ Fm o r 

to smooth maps ip : M — >■ N, and certain modifications F^^^p that control the relation between 
F^ and F^p for composable maps "0 and ip. 

Lemma B.3. Suppose C and V are pre-2-stacks over smooth manifolds, and F : C — V is a 
1-morphism. Suppose that for every smooth manifold M 

1. the assumptions of Lemma \B.l\ for the 2-functor Fm are satisfied and 

2. the data {Gy,S,y) and iGg. rig) is chosen for all objects Y and 1-morphisms g in 'Dm- 
Then, there is a 1-morphism G : T) — s- C of pre-2-stacks together with 2- isomorphisms 

a : F o G => idu and b : G o F => idc 

such that for every smooth manifold M the 2-functor Gm and the pseudonatural transformations 
om and bM are the ones of Lemma \B.l[ In particular, F is an equivalence of pre- 2- stacks. 

For the proof one constructs the required pseudonatural equivalences G^ and the modifications 
G^^ip from the given ones, i^^ and F^^^, respectively, in a similar way as explained in the proof of 
Lemma IB. II Since these constructions are straightforward to do but would consume many pages, 
and the statement of the lemma is not too surprising and certainly well-known to many people, we 
decided to leave these constructions for the interested reader. 
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